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PREFACE. 



The present work, embracing the First Six Books of the Elements 
of Euclid, or in other words, the foundation of Plane Geometry, 
is intended as a companion volume to that issued with it on 
Practical Geometry; the one embracing the theory, the other 
the application. 

The text adopted is that of the distinguished mathematician 
Dr. Simson. In very few instances has any change been made, 
and that only when it seemed to be positively necessary. Several 
attempts have been made, by altering the text and the arrange- 
ment, to reduce the demonstrations of Euclid to what may be 
considered a more popular form ; but these have been attended with 
little success ; and a text like that of Simson, clear, direct, and 
unencumbered, like absolute truth itself, will always be adopted 
by scholar and student. 

It has been thought unnecessary to extend this volume beyond 
the first six books of the Elements, or to enlarge it by notes, as 
it will be followed by other works carrying the subject forward. 
A number of Exercises on each book have been given, the solu- 
tions of which will be published separately. 
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ELBMElJfTS OF EUCLID. 



BOOK L 

DEFINITIONS. 

I. A POINT is that whicli hath no parts, or which hath no magnitude. 

II. A line is length without breadth. 

III. The extremUiea of a line are points. 

IV. A straight line is that which lies evenly between its extreme 
points. 

V. A mperfidea is that which hath only length and breadth. 

VI. The extremities of a mper/icies are lines. 

VII. A plane superficies is that in which any two points being taken, 
the straight line between them lies wholly in that superficies. 

VIII. A plane angle is the inclination of two lines to one another in 
a plane, which meet together, but are not in the same direction. 

IX. A plane rectilineal amgle is the inclination of two straight lines to 
one another, which meet together, but are not in the same straight line. 





N.B. — ^When several angles are at one point b* any one of them is 
expressed by three letters, of which the letter that is at the vertex of the 
angle, that is, at the point in which the straight lines that contain the 
angle meet one another, is put between the other two letters, and one of 
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these two is somewhere upon one of those straight lines, and the other 
upon the other line. Thus the angle which is contained hy the straight 
lines a by cb) is named the angle abc* or cba; that which is contained 
1>7 ab) db) is named the angle abd« or dba; fti^d that which is con- 
tained by db> cb> is called the angle dbc» ^ cbd j hut if there be only 
one angle at a point, it may be expressed by a letter placed at that point ; 
as the angle at e* 

X. When a straight line standing on another straight 
line makes the adjacent angles equal to one another, each 
of the angles is called a right cmgle ; and the straight 
line which stands on the other is called a perpendiculcMr 
to it. 

XI. An obttise angle is that which is greater than a^ 
right angle. 



Xn. An acute angle is that which is less than a right angle. 



Obtaae. Acnte. 

Xin. A term or hounda/ry is the extremity of any thing. 

XIV. A fgwre is that which is enclosed by one or more boundaries. 

XV. A circle is a plain figure contained by one line, which is called 
the cvrctim/erence, and is such that all straight lines drawn from a certain 
point within the figure to the circumference, are equal to one another. 




XVI. And this point is called the centre of the circle. 

XVII. A diameter of a circle is a straight line drawn through the 
centre, and terminated both ways by the circumference. 

XVIII. A semicircle is the figure contained by a diameter and the 
part of the circumference cut off by the diameter. 

XIX. A segment of a circle is the figure contained by a straight line, 
and the circumference it cuts off. 

XX. Rectilineal figures, are those which are contained by straight 
lines. 

XXI. TriUUeral fibres, or triangles, by three straight lines. 

XXII. Quadrilateral, by four straight lines. 



BEFIKITIOKS. 



XXIII. MvUUateralfigwres, or polygons, by more tlian four straight lines. 

XXIV. Of three-sided figures, an equilateral triangle is that which 
has three equal sides. 

XXY. An isosceles triangle m that which has only two sides equal. 






Equilatend'. TBOsceleB. Scalene. 

XXYI. A scalene triangle is that which has three unequal sides. 
XXYII. A right-angled triangle is that which has a right angle. 
XXYIII. An chtuscHvngled triangle is that which has an obtuse angle. 






Biglit«ngled, Obtuse-angled. . Acute-angled. 

XXIX. An acute^ngled triangle is that which has three acute angles. 

XXX. Of four-sided figures, a square is that, which has all its sides 
equal, and all its angles right anglest 




Sqpiare. Oblong. 

XXXI. An oblong is that which has all its angles right angfes, but 
has not all its sides equal. 

XXXII. A rhombus ia^that which has all its sides equal, but its angles 
are not right angles^, 





Rhombus.- Rhomboid. 

XXXI IL A rhomboid is that which has its opposite sides equal to* 
one another, but all its sides are not equal, nor its angles right angles. 

XXXIV. All other four-sided figures besides these are called trape^ 
ziu/ms, 

XXXV. Parallel straight lines are such as are in the same plane, and 
which, being produced ever so far both ways, do not meet. 
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POSTULATES, 



L Let it be granted that a stnught line may be drawn from any one 
point to any other point. 

II. That a terminated straight line may be produced to any length in 
a straight line. 

III. And that a circle may be described from any centre^ at any dis- 
tance from that centre. 

AXIOMS. 

I. Things which are equal to the same thing are equal to one another. 

II. If equals be added to equals, the wholes are equal. 

in. If equals be taken from equals, the remainders are equal. 
lY. If equals be added to unequals, the wholes are imequal. 
v. If equals be taken from unequals, the remainders are unequal. 
VI. Things which are double of the same, are equal to one another. 
YII. Things which are halves of the same, are equal to one another. 

VIII. Magnitudes which coincide with one another, that is, which 
exactly iill the same space, are equal to one another. 

IX. The whole is greater than its part. 

X. Two straight lines cannot enclose a space. 

XI. All right angles are equal to one another. 

XII. If a straight line meets two straight lines, so as to make the two 
interior angles on the same side of it taken together less than two right 
angles, these straight lines being continually produced, shall at length 
meet upon that side on which are the angles which are less than two right 
angles. 



Pboposition I. — Pboblem. 
To describe an equMsUeral triomgle upon a given finite strcdght line. 

Let ab be the given straight line ; it is required to describe an equilateral 

triangle upon it. 

From the centre a» &t the distance a by 
describe (3 poet,) the circle bcdy ftnd from 
the centre b, at the distance bft^ describe 
the circle a€e; and from the point c* ii^ 
which the circles cut one another, draw 
the straight lines (1 post,) CBo cb^to the 
points a^bi ftbc shall be an equilateral 
triangle. 

Because the point a is the centre of 
the cirde bcd^ ac is equal (15 de/,) to 
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abj aild because the point b is the centre of tlie circle aC6j bc is 
equal to ba : but it has been proved that ca is equal to ab; therefore 
Ca^ cb> are each of them equal to ab j but things which are equal 
to the same are equal to one another (1 ax.); therefore ca is equal to 
cb; wherefore ca» ab^ bc are equal to one Another; and the tri- 
angle a be is therefore equilateral, and it is described upon the given 
straight line ab- Which was to be done. 



Proposition II. — Pboblem. 

From a given point to draw a straight line equal to a given straight line. 

Let a be the given point, and bc the given straight line; it is required 
to draw from the point a & straight line equal to bc* 

From the point a to b draw (1 post.) the 
Straight line abi w^^ upon it describe (i. 1) 
the equilateral triangle d a b^ a^d produce 
(2 post.) the straight lines da^- dbi to q and 
f ; from the centre b> at the distance bc> 
describe (3 post) the circle Cgll> and from the 
centre d* at the distance d g» describe the 
circle gkl al shall be equal to bc- 

Because the point b is the centre of the 
circle Cgh^ bc is equal {\5 def.) to bg; and 
because d is the centre of the circle gkL dl 
is equal to dg* and da> db» parts of them, 
are equal ; therefore the remainder al is equal to the remainder (3 ax!) 
bg; but it has been shewn that bc is equal to bg; wherefore al and 
be are each of them equal to bgj and things that are equal to the 
same are equal to one another; therefore the straight line al is equal 
to be- Wherefore from the given point a a straight line al has been 
drawn equal to the given straight line b C* Which waa to be done. 




Proposition III. — Problem. 

From the greater of two given straight lines to cvi off apart eqtuU to the less ^ 

Let ab and c be the two given straight lines, 
whereof a b is the greater. It is required to 
cut off from ab? the greater, a part equal to 
C, the less. 

From the point a draw (i. 2) the straight 
line a d equal to c j and from the centre a? 
and at the distance a dy describe (3 post.) the 
circle def; a 6 shall be equal to c- Because 
a is the centre of the circle d 6 £ a 6 is equal 
to a d ; but the straight line c is likewise equal 
to ad; whence ae and c are each of them equal to ad] therefore the straight 




THE ELEMENTS OF EUCLID. 



line a 6 is equal (1 ax.) to ^ and from al>y the greater of two straight lines, 
a part a 6 has been cut off equal to c the less. Which was to be done. 




Pboposition IY. — Thsorbm. 

If two irriamglea have two sides of the one equal to two sides of tita other, each 
to each ; and have likewise the ambles contained by those sides equal to OTie 
am4>iher ; they shall likewise home their bases, or third sides, equal; and 
the tvx) tria/ngles shall be equal; and their other angles shall be equal, ea^^ 
to each, viz, those to which the equal sides are opposite. 

Let a b Cy d 6 f be two triangles, which 
hare the two sides a b^ a C equal to the 
two sides d By d£ each to each, viz. ab 
to d Qy a^d a C to d f ; snd the angle 
bac equal to the angle ed£ the base 
b C shall be equal to the base e f l &nd 
the triangle abc to the triangle dof ; 
and the other angles to which the equal 
^ sides are opposite, shall be equal, each 
to each, viz. the angle abc to the angle 
de£ and the angle acb to dfe* 

For, if the tria&gle abc be applied to def) so that the point a 
may be on d, and the straight line a b ^po^ d 6 i the point b shall coin- 
cide with the point e> because ab is equal to do; and ab coinciding 
with d e> a C shall coincide with d £ because the angle b a C is equal to 
the angle e d f ; wherefore also the point c shall coincide with the point 
£ because the straight line ac is equal to df J but the point b coincides 
with the point e ; wherefore the base b C shall coincide with the base e £ 
because the point b coinciding »with e^ «ind c with £ if the base bc does not 
coincide with the base e £ two straight lines would enclose a space, which is 
impossible (10 ax.). Therefore the base b C shall coincide with the base e £ 
and be equal to it. Wherefore the whole triangle a b C shall coincide with 
the whole triangle d 6 £ and be equal to it ; and the other angles of the 
one shall coincide with the remaining angles of the other, and be equal to 
them, viz. the angle a b C to the angle d e£ and the angle a cb to df 6- 
Therefore, if two triangles have two sides of the one equal to two sides of 
the other, each to each, and have likewise the angles contained by those 
sides equal to one another, their bases shall likewise be equal, and the 
triangles be equal, and .their other angles to which the equal sides are 
opposite shall be equal, each to each. Which was to be demonstrated. 



Proposition V. — ^Theorem. 

Tlie angles at the base of an isosceles triangle are equal to one cmother ; amd 
if the equal sides be produced, the angles upon the other side of the base 
shall also be equal, 

^ET abc he an isosceles triangle, of which the side ab is equal to ac, 
and let the straight lines ab» ac be produced to d and e^ the angle abc 
shall be equal to the angle a C by and the angle c b d to the angle bee* 
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111 bd take any point £ and from a 6 the greater, cut off ag^ equal 
(i. 3) to a£ the less, and join f c, gb- 

Because af is equal to ^g, and ab to aCy the two sides fa» ac ^^ 
equal to the two g^ a^ ab» eech to each ; and they contain the angle f a fi^ 
common to the two triangles afc^ Slg^b; there- 
fore the base fc is equal (i. 4) to the base g]), 
and the triangle afc to the triangle agb; t^nd 
the remaining angles of the one are equal (i. 4) to 
the remaining angles of the other, each to each, 
to which the equal sides are opposite ; viz. the 
. angle acf to the angle abg) and the angle afc 
to the angle a g^ b : ai^d because the whole a f is 
equal to the whole 2Lg, of which the parts ab) ac» 
are equal ; the remainder bf shall be equal (3 ctx.) 
to the remainder c g l and f c was proved to be 
equal to g b j therefore the two sides b £ f C are 
equal to the two Cgy ghi ^^h to each ; and the 
aiigle bfcis equal to the angle Cghj &ii<l the 

base be is common to the two triangles bf C> Cgb; wherefore the tri- 
angles are equal (i. 4), and their remaining angles, each to each, to which 
the equal sides are opposite; therefore tbe angle fbc Is equal to the 
angle gchy cmd the angle b C f to the angle C b g : and since it has been 
demonstrated, that the whole angle a b g is equal to the whole a C £ the 
parts of which, the angles C b gj b C f are also equal ; the remaining angle 
a b C is therefore equal to the remaining angle a C by which are the angles 
at the base of the triangle a b C ' and it has also been proved that the 
angle f bc is equal to the angle gcb> which are the angles upon the other 
side of the base. Therefore the angles at the base, &c. Q. E. D. 

CoBOLLABY. Hcucc cverj equilateral triangle is also equiangular. 




Pboposition VI. — Theorem. 

If two cmglea of a triangle be equal to one another, the sides which subtend, 
or are opposite to, t/ie equal angles, shall also be equal to one another. 

Let a be be a triangle having the angle abc equal to the angle acb j 
the side ab is also equal to the side a C* 

For, if a b be not equal to ac> one of them is 
greater than the other : let ab be the greater ; and 
from it cut (i. 3) off db equal to a a the less, and 
join dc> therefore, because in the triangles dbc» 
a C by d b is equal to a Cy and b C common to both, 
the two sides, dby bc are equal to the two aCy cby 
each to each; and the angle dbc is equal to the 
angle a C b i therefore the base d C is equal to the 
base a by and the triangle db C is equal to the 
triangle (i. 4) a C by the less to the greater ; which 
is absurd. Therefore ab is not unequal to aCy 
that is, it is equal to it. Wherefore, if two angles, 
&c. Q. E. D. 

Cob. Hence every equiangular triangle is abo equilateral. 
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Pbopositiox VII. — ^Theobem. 

Upon the sa/me hose, <md on the samie side ofity there cannot he tioo triartr- 
gles that have their sides which a/re terminated in one extremity of the baae 
equal to ana an/other, arul likewise those which are terminated in the other 
extremity. 

If it be possible^ let there be two triangles a C b> a d b) upon the same base 

a b) and upon the same side of it, which have 
their sides c ai d a terminated iu the extremity 
a of the base equal to one another, and like- 
wise their sides cb> db> that are terminated 

inb. 

Join cd; then, in the case in which the 
vertex of each of the triangles is without the 
other triangle, because a C is equal to a d) the 
angle ac d is equal (i. 5) to the angle a d C ^ but 
"ll the angle a C d is greater than the angle b C d ; 
therefore the angle adc is greater also than 
bed; much greater then is the angle bdc than the angle bcd- 
Again, because cb is equal to db> *^e angle b dc is equal (i. 5) to the 
angle b C d ; but it has been demonstrated to be greater than it ; which is 
impossible. 

But if one of the vertices, as d* be within the other triangle a C b ; 
produce a a ad to e, f ; therefore, because ac is equal to ad in the 

triangle a C d) the angles 6 C dL f d C upon the 
other side of the base c d ^^^ equal (i. 5) to one 
another : but the angle e C d is greater than the 
angle b C d • wherefore the angle f d q is like- 
wise greater than b C d ; much greater then is the 
angle b d C than the angle b C d* Again, because 
cb is equal to db> the angle bdc is equal (i. 5) 
to the angle bcdj but bdc has been proved 
to be greater than the same b C d i which is im- 
"J possible. 

^ ^ The case in which the vertex of one triangle 

is upon a side of the other, needs no demonstration. 

Therefore, upon the same base, and on the same side of it, &c. 
Q. E. D. 




Peoposition VIII. — ^Theorem. 



Jftwo Pricmghs home Ujoo sides of the one equal to two sides of the other, each 
to eotch, and Juwe likewise their hoses equal; the cmgle which is coniained 
hy the two sides of the one shall he equal to the cmgle contained hy the two 
sides equal to Ihmn, of the other, 

^^ abc> dof be two triangles, having the two sides ab> AC; equal to 
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the fiwo sides do^ d£ each to eacb^ yiz. ab to d^ tmd ac to df j &^d 

also the base b C equal to the 

base e f The angle b a C is »v^ A .o 

equal to the angle e d £ 

For, if the triangle ab C 
be applied to de£ bo that 
the point b be on q, and the 
straight line bc upon ef> 
the point c shall also coin- 
cide with the point £ be- 
cause be is equal to e£ 
Therefore bc coinciding with of i bft &nd aC shall coincide with ed and 
df ; for, if the base bc coincides with the base e£ but the sides bSo ca 
do not coincide with the sides e d» f dL hut have a different situation, as 
QgytSf then upon the same base e £ and upon the same side of it, there 
can be two triangles that have their sides which are terminated in one ex- 
tremity of the base equal to one another, and likewise their sides terminated 
in the other extremity ; but this is impossible (i. 7) ; therefore, if the base 
b C coincides with the base e£ the sides b 80 & C» cannot but coincide with 
the sides ed) df; wherefore likewise the angle bac coincides with the 
angle e d £ and is equal {8 ax,) to it. Therefore if two triangles, &c, Q. E. D^ 



Proposition IX. — Fboblem. 
To bisect a given rectilineal angle, that is, to divide it into two equal a/nglea. 

Let b a C be the given rectilineal angle, it is required to bbect it. 

Take any point d in ab» and from ac cut (i. 3) off a 6 equal to ad; 
join dC; and upon it describe (i. 1) an equilateral 
triangle dof ; then join af i the straight line af 
bisects the angle b a C* 

Because ad is equal to ae? and af is common 
to the two triangles da£ oaf j the two sides da? 
a £ are equal to the two sides e ai a £ each to each ; 
and the base df is equal to the base ef j therefore 
the angle daf is equal (i. 8) to the angle eaf ; 
wherefore the given rectilineal angle b aC is bisected 
by the straight line a£ Which was to be done. 




Proposition X. — Problem. 

To bisect a given finite straight line, thai is, to divide it into two equal 

jHJurts. 

Let ab be the given straight line, it is required to ^vide it into two 
equal parts. 
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Describe (L 1) upon ab on equilateral triangle 
aba and bisect (i. 9) the angle a C b by the straight 
line c d* ab is cut into two equal parts in the point d- 

Because ac is equal to cb, and cd common to 
the two triangles a C dL b C d ; the two sides a C 
C d are equal to b a C d, each to each ; and the 
angle acd is equal to the angle bcd; therefore 
the base a d is equal to the base (i. 4) d b, and the 
straight line a b ^^ divided into two equal parts in 
the point d- Which was to be done. 




Proposition XI. — Pbobleh. 

To draw a straight line at right a/ngles to a given straight linejjrom a 

given point in the same. 

Let ab be a given straight line, and c a point given in it ; it is required 
to draw a straight line from the point c at right angles to ab* 

Take any point d in aC; and make (i. 3) c e equal to c d> and upon d 6 

describe (i. 1) the equilateral triangle 
df e, and join f c, the straight line f c 
drawn from the given point c is at right 
angles to the given straight line a b- 

Because dc is equal to qq, and fc 
common to the two triangles d C £ e C f ; 
the two sides dc^ c£ are equal to the 
two 6 C) C £ each to each ; and the base 
d f is equal to the base e f ; therefore the 
angle dcf is equal (i. 8) to the angle 
ecf; and they are adjacent angles. But, when the adjacent angles 
which one straight line makes with another straight line are equal to one 
another, each of them is called a right angle (10 def); therefore each of 
the angles d C £ 6 C £ is a right angle. Wherefore, from the given pomt 
C, in the given straight line ab, f C has been drawn at right angles to ab- 
Which was to be done. 

Cor. By help of this problem, it may be demonstrated, that two 
straight lines cannot have a common segment. 

If it be possible, let the two straight lines abc> abd Have the seg- 
ment a b common to both of them. 
From the point b <iraw be at right 
angles to ab; and because abc is a ' 
straight line, the angle cbe is equal 
( 10 def.) to the angle e b a ; in the same 
manner, because abd is a straight line, 
the angle dbe is equal to the angle 
e b a ; wherefore the angle d b e is 
equal to the angle cbe, the less to the 
greater, which is impossible ; therefore 



a 



two straight lines cannot have a common segment. 
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Proposition XII. — Pboblem. 

To drcm a straight line perpendicular to a given straight line of an 
unlimited length, from a given paint withmt it. 

Let a b be the given straight line, which may be produced to any length 
both ways, and let c be a point without it. It is required to draw a 
straight line perpendicular 
to a b from the point c- 

Take any point d upon 
the other side of ab, and 
from the centre (5, at the 
distance cd, describe (3 
post,) the circle efff tneet- 
ing a b in f, g ; and bisect 
(i. 10) f g in b, and join 
C £ C hj C g i the straight 
line c h, drawn from the 
given point c, is perpendicular to the given straight line a b« 

Because f h is equal to h g> and h C common to the two triangles f h C5> 
ghC5> the two sides f h, hc are equal to the two gh, hc, each to each; 
and the base c f is equal (15 def.) to the base c g ; therefore the angle chf 
is equal (i. 8) to the angle chg ; and they are adjacent angles ; but when 
(10 def,) a straight line standing on another straight line makes the 
adjacent angles equal to one another, each of them is a right angle ; and 
the straight line which stands upon the other is called a perpendicular to 
it ; therefore from the given point c a perpendicular c h bas been drawn 
to the given straight line a b- Which was to be done. 




Proposition XIII. — ^Theorem. 

The amgles which one straight line makes with anoih/er upon one side of it 
are either ttvo right angles, or are togetlter equal to two right angles. 

Let the straight line a b make with c d» upon one side of it, the angles 
cba> abd : these are either two right angles, or are together equal to 
two right angles. 

For if the angle cba be equal to ab A each of them is a right angle 




fl. P c d b c 

(10 def^ ; but if not, from the point b draw be at right angles (i. 11) to c d; 
therefore the angles c b e> 6 b d are two right angles (10 def) ; and because 
C b 6 is equal to the two angles C b a? a b 6 together, add the angle e b d 
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to each of these equals ; therefore the angles cbe> ob d ai^ equal (2 oa;.} 
to the three angles cbao abe^ obd- Again, because the angle dba 
is equal to the two angles dbo^ obao a<l<i to these equals the angle 
a b C» therefore the angles db 89 ab C are equal to the three angles d b e>» 
obai abc : but the angles cbe^ ebd have been demonstrated to be 
equal to the same three angles ; and things that are equal to the same 
are equal (1 ax.) to one another; therefore the angles cho, ebd are 
equal to the angles dba» abc; but cbe, ebd are two right angles; 
therefore d b a* a b C are together equal to two right angles. Wherefore, 
the angles which one straight line, &c, Q. E. D. 



Proposition XIV. — ^Theorem. 

Iff (U a point in a strcdgkt line, two other straight Unes, upon the opposite 
sides of it, make the adjacent a/ngles together equal to two right offvgles 
these two straiglU lines shaU be in one a/nd the samie straight line. 

At the point b in the straight line a b, let the two straight lines b C, b d 

upon the opposite sides of a fc make the 
adjacent angles abc> abd equal together 
to two right angles, b d ui in the same 
straight line with c b- 

For, if b d be not in the same straight 

line with cb; let be he in the same straight 

line with it ; therefore, because the straight 

line a b makes angles with the straight line 

^ P ^ C b ej upon one side of it, the angles a b C, 

abe are together equal (i. 13) to two right 
angles ; but the angles abc> abd are likewise together equal to two right 
angles ; therefore the angles C b a^ a b e are equal to the angles C b a» a b d : 
take away the common angle c b ai the remaining angle a b e is equal 
(3 aac,) to the remaining angle ab d* the less to the greater, which is im- 
possible ; therefore b e is not in the same straight line with b C. And 
in like manner it may be demonstrated, that no other can be in the same 
straight line with it but b d* which therefore is in the same straight line 
With c b. Wherefore, if at a point, <kc. Q. E. D. 




Proposition XV Theorem. 

If two straight lines cut one another ^ the vertical, or opposite, angles 

shaR he equal. 

Let the two straight lines a b, C d cut one another in the point e ; the 
angle aec shall be equal to the angle deb> and ceb to aed. 

Because the straight line a e makes with c d the angles c e a> a e d> these 

angles are together equal (i. 13) to two 

right angles. Ag^in, because the straight 

line d e makes with a b the angles a e cL 

a ^\^ "^ deb, these also are together equal (i. 13) 

to two right angles ; and c e a, a e d, have 
been demonstrated to be equal to two right 
angles ; wherefore the angles cea, aed, 
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are equal to the angles a 6 dL d 6 b« Take away the common angle a 6 d, 
and the remaining angle c 6 a is equal (3 aas.) to the remaining angle deb* 
In the same manner it can be demonstrated, that the angles c 6 b^ a 6 d 
are equal. Therefore, if two straight lines, &c, Q. E. D. 

Cob. 1. From this it is manifest, that, if two straight lines cut one 
another, the angles they make at the point where they cut, are together 
equal to four right angles. 

Cor. 2. And consequently that aU the angles made by any number of 
lines meeting in one pointy are together equal to four right angles. 



Proposition XVI. — Theorem. 

If one aide of a tricmgle he produced, the exterior cmgle is greaier them 

dbher of the interior opposite cmgha. 

Let a b C he a triangle, and let its side b C he produced to d, the exterior 
angle a C d is greater than either of the interior opposite angles c b a^ 

bac. 

Bisect (i. 10) a in e> join b 6 ^^^ produce it to £ and make e f equal to 
b 6 '} join also f c, and produce a C to g^. 

Because a 6 is equal to eCy ai^d ^6 
to e f ; a e> 6 b ^^ equal to c e» 6 £ each to 
each ; and the angle a 6 b is equal (i. 15) to 
the angle c 6 £ because they are opposite 
vertical angles ; therefore the base a b is 
equal (i. 4) to the base c £ and the triangle 
aeb to the triangle ce£ &nd the re- 
maining angles to the remaiiyng angles, 
each to each, to which the equal sides are D 
opposite ; wherefore the angle b a 6 is 
equal to the angle ecf ; hut the angle 
6 C d is greater than the angle e C f i 
therefore the angle a C d is greater than 
b ae* III the same manner, if the side b C he bisected, it may be demon- 
strated that the angle bcg^ that is, (i. 15) the angleacdj is greater than 
the angle a b C« Therefore, if one side, &c. Q. E. D. 




Proposition XVII. — Theorem. 

Any two (mglea of a triomgle cvre together less than two right angles. 

Let abo he any triangle; any two of its 
angles together are less than two right angles. 
Produce bc to d; and because acd is 
the exterior angle of the triangle abc> acd 
is greater (i. 1 6) than the interior and opposite 
angle abc j to each of these add the angle 
aeb; therefore the angles a C d> a b sre 
greater than the angles a b C> a b j hut a d) 
aeb ai'6 together equal (i. 13) to two right ^ 
angles ; therefore the angles abC; bca are 
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legg than Wo right angl^i. In Kke manner it may be demonstrated, that 
paC5, ach as also cab> abc, are less tihan two riffht anirles. There- 
fore any two angles, &c Q. E. D. *» K «»• ^nero- 

PBOPosmoN XVIIL—Theorem. 

^^grecUer Me of every triangle is opptmU to ^ 

Let abc be a triangle, of which the side 
ac IS greater than the side ab ; the angle 
abc IS also greater than the angle bca- 

Because a C is greater than ab make (i. 3) 

a * ®q?al to a b, and join b d ; and because 

a a D IS the exterior angle of the triangle 

^ b dC, It IS greater (i. 16) than the interior and 

tbabd, because the side abiflTou^^'i^l^'^-5^^ ^^*?^ 'T^ ^'' ^> 

ab d S likewise greS fhJn thSrfe IVh U^i ^^^^^ ^!,^' ^""t 
anfflp o K A f lioTi « V» k rru / ^® * ^ b. Much greater then is the 
angle a b C than a C b. Therefore the greater side, Ac. Q. E. D. 

Proposition XIX.— Theoeem. 

^^ greater a^Ieo/ even/ trim^le is subtended h^ 

the greater side opposite to U. 

&ted^.^°^rl'^ ^^''^ *^*^^^^ abc is greater than the angle 
Dca, the side ac w likewise greater than the side ab- 

^ . ^^^» ^^ it be not greater, ac must either 

be equal to a b, or less than it; it is not 
equal, because then the angle abc would be 
equal (i. 5) to the angle acb ; but it is not ; 
therefore ac is not equal to ab ; neither is 

,,. . Jt less ; because then the angle a b C would be 

b —• ;^ less than the angle acb (i. 18) ; butitis not; 

sin^ If T.O- k« t. ., . therefore the side ac is not less than ah • 

wian ab. Wherefore the greater angle, &c. Q. E. D. 

PBoposmoN XX.— Theorem. 
^ny two sides of a fyrimgU mre together greater tham, the tUrd side. 

greater than ac ; and be, ca greater than a b- 

^^iYoduce bate the point d, and make (i. 3) ad equal to ac; and join 

but ^TJ- 1 "^^^"^ to a C, the angina d C is likewise equal to a C d (i. 5) ; 
Dut the angle bed is greater than the angle aed; therefore the angle 
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"t^cd IS greater than the angle adc; ^u^d because the angle bcd of 

the triangle d C b is greater than its angle , 

bdC) and that the greater ^i. 19) side is op- ^ 

posite to the greater angle, therefore the 

side db ^<3 greater than the side b ; hut db 

is equal to b a ^^^ a C i therefore the sides 

ba» ac ore greater than bc< In the same 

manner it may be demonstrated, that the 

sides aby bc» are greater than ca» si^d v 

be? ca greater than ab> Therefore any 

two sides, &c. Q. E. D. 




Pboposition XXI. — ^Theorem. 

If from the ends of the aide of a triangle there be dravm two stradght lines to 
a point wUhin the triomgley these shcJL he less them the other two sides of 
the triomgle, but shall contain a greater angle. 

Let the two straight lines b dj C d be drawn from bi a the ends of the 
side b C of the triangle a b C? to the point d within it ; b d and d C are 
less than the other two sides b a? a C of the triangle, but contain an angle 
b d C greater than the angle b a C* 

Produce b d to e ; and because two sides of a triangle are greater 
than the third side, the two sides ba? * 

a 6; of the triangle abe are greater than 
b e* To each of Uiese add e C ; there- 
fore the sides b a» a C are greater than b e> 
6 C< Again, because the two sides c P? 6 d 
of the triangle cod are greater than cd» 
add d b ^ each of these ; therefore the 
sides CO) 6 b are greater than c d) d b i 
but it has been shewn that ba» ac> are _ 
greater than b 6) 6 C^ much greater then are ■> 

ba>acthanbdj dc* 

Again, because the exterior angle of a triangle is greater than the 
interior and opposite angle, the exterior angle b d C of the triangle c d 6 
is greater than c 6 d ; for the same reason, the exterior angle c 6 b of the 
triangle abe ^s greater than bac i and it has been demonstrated that 
the angle b d C is greater than the angle c 6 b ) much greater then is the 
angle bdc than tiie angle bac* Therefore, if from the ends of, &c. 
Q. E. D. 

Proposition XXII. — Problem. 

To make a triangle of which the sides shall be equal to three given straight lines, 
but any I/wo whatever of these must be greater than the third (i. 20.). 

I'ET a» b) C he the three given straight lines, of whrch any two whatever 
are greater than the third, viz. a and b greater than c j a and c greater 
than b ; and b and c than a* It is required to make a triangle of which 
the sides shall be equal to a? b? C; each to each. 
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Take a straight line de terminated at the point d» bat unUmited 
towards ei snd make (i. 3) df equal to ai f g to b, and gh equal to c ; 
and from the centre £ at the distance f d, describe {3 post.) the circle d k 1 ; 




and from the centre g, at the distance gh, describe (3 post.) another circle 
hlk ; and join k£ kg j the triangle kf g has its sides equal to the three 
straight lines a» b> C- 

Because the point f is the centre of the circle dk 1, f d is equal (15 de/,) 
to f k; but f d 18 equal to the straight line a ; therefore fk is equal to a : 
again, bopause g is the centre of the circle Ikh, gh is equal (15 def.) to 
g k ; but g h is equal to c j therefore also gk is equal to c ; and f g is 
equal to b ; therefore the three straight lines k £ f g, g fc are equal to the 
three a» b, C : and therefore the triangle k f g has its three sides k £ f g, g fc 
equal to the three given straight lines a, b, C- Which was to be done. 



Pboposition XXIII. — Problem. 

At a gwm poi/rU m a given straight line, to make a rectilineal angle equal to 

a given rectilineal angle. 

Let ab be the given straight line, and a the given point in it, and dce 

the given rectilineal 
^ angle; it is required 

A to make an angle at 

Q / \ the given point a in 

the given straight line 
ab> that shall be equal 
to the given rectilineal 
angle dee. 

Takeincd)Ce anj 

^ g points d, 6, and join de j 

f/^.—- — -^ andmake(i.22)thetri- 

y angle afg, the sides 

*® / of which shall be equal 

S.^ ' r / to the three straight 

that cd be equal to a£ ce to ag, and de to fg; and because dc, CO 
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a)*e equal tof^ ^g, each to each, and the base de to the base fg; the 
angle d C 6 ^s equal (i. 8) to the angle fa g- Therefore, at the given point 
a in the given straight line a b; the angle fa g is made equal to the given 
rectilineal angle d C 6* Which was to be done. 



Proposition XXIV. — ^Theorem. 

If two tricmgles haum two aides o/the one equal to tvx) sides of the otheTy each 
to each, but the cmgle ccmtcdned by the two sides of one of them, greater thin 
the cmgle contained by the 1/wo sides equal to them of the other; the base of 
that which has the greater a/ngle shaU be greater thorn the base of the other. 

Let abc> def betwo triangles, which have the two sides ab> aCj equal 
to the two de? d£ each to each, Viz. ab equal to de> S'^^ ac to df ^ l>ut 
the angle bac greater than the angle edf j the base bc is &^o greater 
than the base ef 

Of the two sides d e, d£ let de he the side which is not greater than 
the other, and at the point d» ^^ the straight line d Cj make (i. 23) the 
angle eig equal to the angle b a C ; ^t^^ make d g equal (i. 3) to a C or 
df and join eg, gf. 

Because ab is equal to de, ^^^ ftC to dg, the two sides ba? AC ai*e 
equal to the two, e d, d g^ e&ch to each, and the angle b A C is equal to the 
Bugle e d g ; there- 
fore the base b C is 
equal (i. 4) to the 
base e g ; and be- 
cause dg is equal 
to d f, the angle 
dfg is equal (i. 5) 
to the angle d g f j 
but the angle ogf 
is greater than the 
angle egf i there- 
fore the angle d f g 
is greater than e gf; 
and much greater is 
the angle ef g than the angle egf; and because the angle ef g of the tri- 
angle e fg is greater than its angle egf, and that the greater (i. 19) side 
is opposite to the greater angle; the side eg is therefore greater than the 
side e f ; but e g is equal to b C ; and therefore also b C is greater than e f 
Therefore, if two triangles, &c. Q. E. D. 




Proposition XXV. — ^Theorem. 

If two triangles have two sides of the one equal to two sides of the other y 
each to each, but the base of the one greater than the base of the other; the 
amgh also contained by the sides of that which has the greater base shall 
be greater than the a/ngle contained by the sides eqiLol to them of the other. 

Let ab Cy def be two triangles which have the two sides ab> AC equal 
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to the two ftidni d& d£ «»h to eaoh, ti& ab equal to de» And ac to 
df > but the bMe bo greater than tfao base gf ; the a&g^ bac is Ukewist 
greater than the angle edf- 

For, if it be not greater, it must either be equal to it» or loM ; but the 
w^gle b a C is not eq^ to the angle e df ; because then the base b C would 

- be equal (i. 4) to ef ; 

'* but it is not; there- 

fore the augle b a C is 
not equal to the Migle 
' 6 df; neither iait less: 
beoause thelk the base 
bo Wjould be less (i. 24) 
than the base ef ; huJb 
it is not ; theteffof e the 
angle b & C is not leas 

, ___^ than the angle edf ; 

D C C ^ -^f and it Was shewn that 

It is not equal to it ; 
therefore the angle b a C is greater than the angle edf. Wherefore, if 
two triangles, &c. Q»£.D. 




Proposition XXVI. — ^Theorem. 

IftwotruMefeshaMtMotrngJ^ofth^o^ each 

to each, and one side eqwd to one side, viz, either the ddee adh^yrU to the 
eqwd angles, or the sides opposite to equal angles in each; then, ^wjt the 
other sides he eqwd, each to each, and also the third angle qfths one to the 
third angle of the other. 

Let abe, def be two triangles which have the anglei^ abc» bca H^^ 
to the angles de£ efd, viz. abc to de£ and bca to ^fd; Bkdo ofie 

dride eqUa^ td on^ 
"^^ side; abd fir#6 1^ 

thdeie <^d6«i be e^at 
trhich are adjacent 
to the angled that 
are equal in the tw^ 
triangles : Viss. b C 

to ef; ^be othet 

eides shall be equal 
each to each, vis$» 
abto dO) ftiid ac 

to dfj aiid *be third 
angle baC to the 
third angle edf 

For, if a b be hot equal to d ft dne ^i theft tntret be the greatef. Let 
ab be the greater of the two, and inAke b g ^qtial to d^, and Join g c ; 
therefore, because bg is equal to de, emd b C to efi the two 6ideS gb* bc 
are equal to the tv^o d e^ 6 £ each to each ; and the angle gb C ^s equal to 
the angle def; therefore the base gc is ^^sl (i. 4) to the base d£ <^ the 
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triangle g b C fe ^e MsAgU d A £ ui^ the otii^ MigUs td thfe oiiher angles, 
eaeh t<> efteh, to which ^^ equal sidea Are opposite j thet^oH) the angle gob 
is equal to the angle dfO ) hut dfe^ hj the hypothebia, equal to the angle 
boft ; wherefore also the angle bCjg i« oqual to the au^e bo^ the leas to 
the greater, wkich is impossible ; therefore a b is uot unequal to d e» that 
is, it is equal to it ; and b is equal to e f ; therefore the two ab> b C ^^ 
equal to die two do> e£ c^ch to each ; and the angle abc is ^ual to the 
Bugle def j the base therefore ac is equal (i. 4) toi the base d£ ^xid the 
third angle b a to the third angle e d £ 

Next, let tiie sides which are opposite to equal angles in each triangle 
be equal to one another, viz. ab to de ; likewise in this case, the other 
sides shall be equal, a C to d£ and b Q to ef > ^ad ak» the third angle 
bac to the third ed£ 





FoT) ifbc^net^quaFto e£ Tet d c !>« the greater of them, imd make 
bll equfd to e£ and join ak ; And because bh i»equiJ te e£ and ab to 
do } ^6 two ab; bh are equal to the two do er£ ^^h to each ; and they 
eoataih equal axigres ; ther^for^ the babe ahis equaEto th^ base d£ and the 
tiian^e abb to the Mahgle did£ &b^ the other ai^fea* shall be equal, each 
to leach, to whidi liie equal isidebftrtd' opposite ; therefore the anglfe bh a is 
^ual to the atkgte ^ f d ; but i^ f d id equal^ to 1^ axxgh b C a ; therefore 
Idso th& ftngle b b & ^ ^ual' to the ftnglb b C ai that is$ the exterior angle 
b b It ttf th^ triltn^fe a )i C i^ ^Utd' to its; interior and opposite angle b a ; 
which is impossible fi. 16)'; Where!bre bc is not unequal to e£ that is, it 
h equal to it ; kKtti a D. ^ ^quAf to d d ; therefore the two, ab> b C ^re equal 
tx> ih6 two di) IB^£ ^aoh to each ; and they contain equal angles ; wherefore 
th^ baSe.at i^ equallo the base d£ antf the third angle bac to the tiiird 
^gle d£ Th^t^t<ae, if two tiriangfe^ <bc. Q. E. D« 
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Jjta 'drc^ghSt thie j^iMng iipan Vubo 6ther Hrmght tinea mais^'t%e aitefiiaU 
anglea equal to dm ^emoihefy Ihe^e tUk> strcdgkt U/nea shall be pOroiBel, 

Let the straight line e£ which falls upon the two straighti fines^ ab) (kL 
make the alternate angles ae£ ef d equal to one another ; ab is parallel 
to cd. 
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For, if it be not parallel, ab ^t^^ cd being produced shall' meet either 
towards b, d» or towards a^ • let them be produced and meet towards 
b, d in the point ftl therefore gefis a triangle, and its exterior angle 
a 6 f is greater (i. 16) than the interior and opposite angle etg > but it is also 




equal to it, which is impossible ; therefore ab &i^d cd being produced do 
not meet towards b> d* ^n lil^c manner it may be demonstrated, that they 
do not meet towards a, C? but those straight lines which meet neither way, 
though produced ever so far, are parallel (35 def.) to one another, ab there- 
fore is parallel to c d . Wherefore, if a straight line, &c. Q. E. D. 



Proposition XXVIII. — ^Theobeh. 

Ifu straight line falling vjpmL two oth&t st/raight lines maJces the exterior 
a/ngle equal to the interior amd opposite vponthe samie side of the line, or 
makes the interior ambles upon the samie side together equ/d to tvx) right 
ambles ; the two straight lines shaU he paraBd to one amother. 

Let the straight line e£ which falls upon 
the two straight lines abj cd) make the ex- 
terior angle egb equal to the interior and 

opposite angle ff h d upon the same side ; or 

)> make the intenor angles on the same side 
bgL gbd together equal to two right 
— angles ; ab is parallel to cd- 
d Because the angle egb is equal to the 
angle gh d) and the angle e^ b equal (i. 15) 
to the angle a gb, the angle agb is equal to 
the angle gh d ; and they are the alternate angles ; therefore a bis parallel 
(i. 27) to cd- Again, because the angles bgh, gbd are equal ify hyp) 
to two right angles ; and that agh? bgb> are also equal (i. 13) to two 
right angles ; the angles a g b> b g h> are equal to the angles b g ll» g b d : 
taie away the common angle bgh j therefore the remaining angle agh 
is equal to the remaining angle g ii d j and they are alternate angles ; Ihere- 
fore a b is parallel to c d- Wherefore^ if a straight line, &c Q. E. D. 
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Pboposition XXIX. — ^Theorem. 

If a straight Une fall upon two panraUd straight lines, U mahea the aJUemate 
annglea equal to one amother ; amd the eocterior angt& equal to the irUerior 
and opposite upon the same side ; amd likewise the two irUerior angles upon 
the swme side together equal to 1/wo right angles. 

Let the straight line ef ^aU upon the parallel straight lines ab^ cd ; the 
alternate angles agh* g^hcL are equal to one another ; and the exterior 
angle e gb is equal to the interior and opposite, upon the same side ghd ; 
and the two interior angles b g b> g b d upon die same side, are toge- 
ther equal to two right angles. 

For, if a g b he not equal to g b d> one 
of them must be greater than the other; 
let agb he the greater ; and because the 
angle a g b is greater than the angle g b d> 
add to each of them the angle bgb; there- 
fore the angles a g b> b gb are greater than 
the angles bgb> gbd; but the angles 
agb» bgb> are equal (i. 13) to two right 
angles ; therefore the angles bgb> gbd) are less than two right angles ; but 
those straight lines which, with another straight line falling upon them, 
make the interior angles on the same side less than two right angles, do 
meet (12 ax.) together if continually produced ; therefore the straight lines 
Btht C d» if produced far enough, shall meet ; but they never meet, since they 
are parallel by the hypothesis ; therefore the angle agb is not unequal 
to the angle gbd) ^at is, it is equal to it ; but the angle agb is equal 
(i. 15) to the angle egb ; therefore likewise egb is equal to gbd ; add 
to each of these the angle bgb; therefore the angles 6 g b> b g b are equal 
to the angles bgb, gbd ; but egb> bgb are equal (i. 13) to two right 
angles ; therefore also b g b> g b a are equal to two right angles. Where - 
fore, if a straight line, &c, Q. E. D. 




Proposition XXX. — ^Theoreit. 

Straight lines which a/re pa/raUd to the sanrn straight line a/re pa/raJHd to 

each other. 

Let ab; cd be each of them parallel to ef ; ab is also parallel to cd- 

Let the straight line gbk cut ab^ e£ 
cd; and because gbk cuts the parallel 
straight lines ab> cfy the angle agb is 
equal (i. 29) to the angle gb f Again, be- 
cause the straight line gk cuts the parallel 
straight lines e £ C dj the angle gbf is equal 
(i. 29) to the angle jgkd j and it was shewn 
that the angle ag£ ^s equal to the angle 
gbf j therefore also agk is equal to 
gkd; and they are cdtemate anglea; 
uierefore ab is parallel (i. 27) to cdj 
Wherefore, straight lines, <fcc. 9* ^' ^* 
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ne through a ffifmi pow^ ftrntl^ (0 a jfif^^ 



Im a be the given pointy and b the given aAor^gbt U^e j it is 
to draw a ftraigbt line threvgli the p^int Hi parallel to lihe utaM^^t 

^ebo- 

In b take any paint dj and joio a d ] 

and at the point a» in tbe Qtraigl^t line ad« 

make (i. 23) ibe angle da^ eqiiail i/Q the 

angle ade ; and produce 4^0 «^&bt line 

^ , c aatof. 

» ^ ^ Became tfce straight liw ad* wfcieh 

meet* the two straight lines b Q» 6 £ makes the altemsite mglm a a da 
ado equal to one another, of i9 parallel (l 27) t9 b<^ T^ereforo the 
straight line e af i^ drawn throng ^e given poi^t a pwdlel to tibo giym 
straight line b C* Which was to h% don^^ 
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^« #Ms qfa/nf triemffle b^ produced, the eoBterior cmgle ia equal to the two 
iiUeri&ra/ndoppodteemgh»; and the three infitrior emgl^ (^ every tritmgk 
mre eqtud to two right emgles. 

Let abc be a triangle, and let one of its sides bc be produced to d j 
the exterior angle acd is equal to the two interior and opposite angles 
Cabi abCy and the three interior angles of the triangle, viz. abCy bca^ 
C a by are together equal to two right angles. 

Through the point q draw Q Q parallel (i. 3 1) to the straight line a b j ^^^d 

because ab is parallel to ce» and ac 
meets them, the alternate angles b a C; 
a 6) are equal (i. 29). Again, because 
ab is parallel to c e> ^^ bd falls upon 
them, the exterior angle e C d is equal 
to the interior and opposite angle 
abo ; but the angle aC6 was shewn 
to be equal to the angle b a 6 ; t^ere* 
fore the whole exterior angle aod is equal to the two interior and oppo* 
site angles c a b; abc ; to these equals add the angle acb» ^^d the angles 
acd) acb a^ equal to the three angles cbai bae^ acb> but the angles 
acd} acb are equal (i. 13) to two right angles : therefore also the angles 
cba» bac> acbi ^^^ equal to two right angles. Wher^ore, if a side of a 
triangle, &c. Q. E. D. 

Cob. 1. All the interior angles of any rectilineal figiyre, together with 
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four right angles, are eqwA tp tvioe m nutnj in^ Wlgl^ aa the figure has 
sides. 

For any rectilineal figure abcd0» c*)^ he 
diyided into as many triangles as the figure has 
sides, bj drawing straight lines tpom a point f 
within tk» figure tp each of its angles, And, by 
the preGQ<i^g papppositi^n, «dl the «u>gles of thaii^ 
tri^g^^ are equal to twioe a^ mmj right angles 
as there are triangles, that is, as there are sides 
of the figure : And the same angles are equal to 
the mgl^ ^ the figure, together with the angles 
at the point £ whieh is the oonunon Teorte^ of the triangles : that is Ql, 15, 
c^' 2), togetiier with four right wigles. Therefore all the angles of the 
figure, together with four right wigles, are equal to twice as many right 
aj)gle«i 9S the figure has sides. 

Ck>9. S. AU the e^iterior mgim of mj rectilineal figure are together 
eq^al to fow right angles, 

Because ewiiry interior mgU abc with 
its adjacent e^iterior a b cL i« equal (i- 13) t<» 
two right i^Qgles ; therefore #11 the int^or, 
togel^er i^tb all the exterior angleii of tb^ 
fij^^ ftre equftl to twice i^ n^aj^y right 
angles m there are rides of the figure j that 
is, by the foregoing corollary, they ape equsJl 
to aJU ^9 interior angles of the figure, to^ 
getber with four right Migles ; therefore M the extmor M>g}es ar0 oquid 
to fQiur right iy%gles* 




Peopositiok XXXIII. — ^Thborbm. 

The straight lines which join the eoctremities of two equal a/ndpaff'aUd straighi 
Unea towasrds the same jmarta am alio thansdoea equal ondparaUeL 

Let ab; cd be equal and parallel straight lines, and joined towards the 
same parts by the straight lines ac» bd; ac^ bd are also equal and 
parallel. 

Join b ; 9kni beeaufie ab i^ parallel to 
C d» and b C meets them, the alternate angles 

abc bed ^^ ^^^ (}• i^) i ^^ because ab 
is equ^ to cd« and be common to the two 
triangles abe, deb, the two sides ab> be, 
are equal to ^e two dCi cb 4 ^ni the angle 
abc is equal to the oJigle be d i therefore 
^e base ac is ^ual (i. i) to the base bd, &nd the triangle abe to the triangle 
b C df and the oth^ aogles to the other angles, (i. 4) each to each, to which 
the equal sides are opposite ; therefore the angle a C b is equal to the angle 
obd ; and beciiuse the straight line be meets the two straight lines ac» 
bdj and makes the alternate Angles acb, ebd equal to one another, ac 
i^ parallel (i 27) to bd ; and it was shewn to be equal to it. Therefore 
straight lines, 45C. Q. E. ». 
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FBOPosinoir XXXIV. — Theobem. 

The opposite sides cmd angles of paraJOdograms ore eqtud to one another y a/nd 
the diomveier bisects ihefnt, that is, divides them into two equal parts. 

A parallelogram is a four-sided figure, of which the opposite sides are parallel ; 
and the diameter is the straight line joining two of its opposite angles. 

Let acdb l>e a parallelogram, of which bc is a diameter ; the oppo- 
site sides and angles of the figure are equal to one another ; and the 
diameter b C bisects it. 

Because ab is parallel to cd» ^^^^ bc meets them, the alternate angles 

abC) bed ^^re equal (i. 29) to one another ; 
vb and because a C is parallel to b di a^d b c 

meets them, the alternate angles acb» 

cbdf c^i^ equal (i. 29) to one another; 

wherefore the two triangles abc> cVjSL 
l» • J have two angles a b C) b C a ii^ one, equal 

to two angles b C d» C b dii^ ^^^ other, each 
to each, and one side b C common to the two triangles, which is adjacent 
to their equal angles ; therefore their other sides shall be equal, each to 
each, and Uie third angle of the one to the third angle of the other (i. 26), viz. 
the side ab to the side cdi ^^^ ac to bd* and the angle bac equal to 
the angle bdc : and because the angle abc is equal to the angle bccL 
and the angle cbd to the angle acb) ^^e whole angle abd is equal to 
the whole angle a C d • and the angle b a C has been shewn to be equal to 
the angle bdc j therefore the opposite sides and angles of parallelograms 
are equal to one another ; also, their diameter bisects them ; for a b being 
equal to c di and b C common, the two a b> b C are equal to the two d C^ 
cb> each to each ; and the angle abc is equal to the angle bcd ; there- 
fore the triangle a b C is equal (i. 4) to the triangle b C di and the diameter 
b C divides the parallelogram ac d b into two equal parts. Q. E. D. 




Pboposition XXXV. — ^Theobem. 

FaraUdograTns upon the same base, and between the sa/me pa/raUelsy a/re 

equal to one am/other. 

Let the parallelograms abcd? ebcf («^ the senxmdfigwre) be upon the 

same base bC) andbetween the same pandlels a£ bc j the parallelogram 

abed shfdl be equal to the parallelogram ebcf 

If the sides a 4 d f of the parallelograms abcd) dbc£ opposite to 

the base b C> be terminated in the same point d ; it is plain that each of 

the parallelograms is double (i. 34) of 
the triangle b d C j and they are there- 
fore equal to one another. 

But, if the sides a d^ 6 f i^ second 
amd third figwres), opposite to the base 
b C of the parallelograms abcd^ebcfi 
be not terminated in the same point 
d; then, because abcd is a paral- 
lelogram, ad is equal (i. 34) to bc ; 
for the same reason e f is equal ta 
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be; wherefore ad is equal (1 ax.) to ef ; ^^^ de is common; there- 
fore the whole, or the remainder, a 6 is equal (2 or 3 ax,) to the whole, or 
the remainder df i ab also is equal to dcj ^^^ the two ea? ftb ^6 




a 





therefore equal to the two f d, dc, each to each; and the exterior angle 
f dc is equal (i. 29) to the interior eab> therefore the base e b is equal to 
the base f Cj ^^^ ^^^ triangle eab equal (i. 4) to the triangle f d C- Take 
the triangle f dc from the trapezium abcf, and from the same trapezium 
take the triangle eab '• the remainders therefore are equal (3 aac.\ that 
is, the parallelogram a b C d is equal to the parallelogram e b C f There- 
fore parallelograms upon the same base, &c. Q. E. D. 



Proposition XXXVI. — ^Theorem. 

Pa/raJMograms wpon equal hoses, amd between the same 

to one a/nother. 

Let abcd^ efgh? ^e paral- 
lelograms upon equal leases . b C^ p 
f g, and between the same paral- 
lels ah* bg; *^e parallelogram 
abed is equal to efgll« 

Join be^ eb ; and because be 
is equal to f g, and f g to e b (i- 34), 
be is equal to eb; and they are j 
parallels, and joined towards the 
same parts by the straight lines b 6, e b- But straight lines which join 
equal and parallel straight lines towards the same parts, are themselves 
equal and parallel (i. 33) ; therefore eb, eb, are both equal and parallel, and 
6 b e b is a parallelogram ; and it is equal (i. 35) to a b e d, because it is upon 
the same base be, and between the same parallels b e, ad For the lik^ 
reason, the parallelogram ef gb is equal to the same ebeb- Therefore 
also the parallelogram abed is equal to efgb- Wherefore parallelo- 
grams, &c. Q. E. D. 




Proposition XXXVII. — ^Theorem. 

TrUmgles wpwi the same hose, a/nd between the same paraMds, a/i'e equal 

to one another. 

Let 'the triangles a bc dbc> ^e upon the same base bo and between 
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the a»me p«ndl«b ad* bfr The tri*- 
Angle abc IB eqiul tQ the trian^ 

dbc 

Produce ad both ways to the 
points e, £ and through b draw (i. 31) 
be parallel to ca ; and through c draw 
Cf parallel to bd; therefore each of 
the figures ebca, dbcf is a paral- 
lelogram ; and ebca is equal (i. 35) 
to dbc£ hecause they are upon the same base bc» and between the same 
paraUels bc> ef; and the triangle abc is the half of the parallelograza 
ebca* because the diameter ab bisects it (i. 34) ; and the triangle dbc is 
the half of the parallelogram db^C because the diameter do bisects it : 
but the halyes of equal things are equal (7 a«J.) ; therefore the triangle 
abp is et^ual to the triangle dbc- Wherefore triangleii^ &;c^ Q. E. D, 




Proposition XXXVIII. — ^Thborhm, 

Triamgles wpon equal bases, 4»nd between the same pcuralUsy ore e^pual 

to one another. 

Let the triangles abc, def ^ npon equal bases bc, e£ and between 
ti^e wue pa^raUeb b£ ad- '^ triangle abo '^ ^^ to the triangle 

de£ 

Produce ad both ways to the points or, b, and through b draw bff 
parallel (i. 31) to c a» and through f draw f h parallel to e d- Then each ^ 

£ a J , thefigures|fbea,defh, isa 

^ *"* **■ * parallelogram; and they «rQ 

equal (i. 36) to one anothep, 
because they are upon equal 
bases b Oy 6 £ and between the 
same parallels b£ gh; and 
tie triangle abc is the half 
|k f (i. 34) of the parallelograni 

ff b ' 09 because the diameter 

Sb bisects it ; and the triangle d e f is the half (i. 34) of the parallelogram 
e f h, because the diameter d f bisects it : but the halves of equal things 
are equal (7 ax.) ; therefore the triangle ab C is equal to the triangle def. 
Wherefore triangles, <fe;c. Q. E. D. 




Pkopositiok XXXIX.— Theorem. 

Uqiud triam^les v^pon the same base, a/nd upon the same side ofU, a/re 

between the same paraUds, 

Let the equal triangles abc^ dbc he upon the same base bc» and 
upon the same side of it ; they are between the same paraUels. 

Jm ad i «d ^'^ P^^^ to b e i for, ^nt is »ot, through the ppint a ^^ 



JQ99ilL L PBOPflL ZL.> XLI. 

(i. 31) ae parallel to h^ md join e e« 

The triwflQ abc U eqw^l (i. 37) to 

the triangle ebc» because it is upon 

the 9aBie bane |) d wA between the 

lEifime pa^all^ts bCv ad* But the tri- 

f^ngle %ho is c^m^ to the tmnglei 

baQ> th^efove also the triangle 

hit ^ ^<iual tQ the triangle Qbe» 

th^ gFeater to the le99, which is iiQr> 

pQ9siblQ. ThereioFe a 6 is not pa- 

riJlel to b C* III the same manner, 

it can be demonstrated, that no 

other line but ad is parallel to bc; ad is therefore parallel 

Wherefore equal triangles, <kc, Q. E. D« 
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PsovosiTioif XL^^Tmbov^* 

Bqujoi iriomgks upon equal ha^ea, in the sqme strcdgM ^^ ^^ tm/xunb A^ 

same paHs, are bet%peen the same paraUeh, 

liBT the equal triftngl^n abc» def be upon equal b^fte^ ba e£ Ia the 

name straight line 

b£ ^a4 towards the ^ 

mm^ pvts; they air§ 

bfitween iji^ sawe 

pftTftlleJbi. 

Join ad; ad Ml 

parallel to bo* f^QT, 

if it ifl not, through 

adraw(i.31)affP*- 
val\el to b £ ^nSTjoin 

gf : thQ tri^gle ab C }^ 

iaequal (i. 38) to th® , , , « , , . xi. 

triangle gtt becan^e they are upon equal bases b 0, e I, and between the 
pame parallels b f, a g • but the triangle a b C is equal to the triangle def; 
therefore also the triwigle def is equal to the triangle ge£ the greater 
to the less, which is impossible : T^ierefore a g is not p^ajld to b£ And 
in the same w^^ner it i?m b^ demonptjrated tnat there is no other parallel 
to it b^t a d : ad i? thor^fprq pw^ftUel to b£ Wheirpfc«:e fi^u^ trfwgles, 
4<^ Q, E,P. 




Pboposition XLI. — ^Theorem. 

If a parallelogram and Mnmigle he vpon the aoffns hose amd between the same 
poumUels, the pa/raUdogrcmi shall he dovble qfths tria/ngle. 

Let the parallelogram abcd a^id the triangle ebc be upon the same 
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if a parallelogram^ &c. 



base b C) ^^^ between the same parallels bCy a 6 ; 
the parallelogram abcd is double of the tri- 
angle ebc- 

Join ac ; then the triangle abc is equal (i. 37) 
to the triangle ebC) because they are upon the 
same base b & ^^^ between the same parallels b C» 
ae- But the parallelogram abcd is double (i. 34) 
of the triangle abc> because the diameter ac 
divides it into two equal parts ; wherefore ab C d 
is also double of the triangle e b C- Therefore, 
Q. E. D. 



Proposition XLII. — ^Problem. 

To describe a pa/raHdoffra/m that shall he eqiuil to a given tricmgle, a/nd ha/oe 
one of its omgles equal to a given rectilineal angle. 

Let abc he the given triangle, and d ^^ given rectilineal angle. It 
is required to describe a parallelogram that shall be equal to the given 
triangle abc, ^^^ ^^^e one of its angles equal to d- 

Bisect (i. 10) b C iii e> join a 69 ^^^ ^^ ^^ point e ii^ the straight line 
ec make (i. 23) the angle cef equal to di &nd through a draw (i. 31) 

ag parallel to ec» <^d 
A f ff through c <lraw cf pa- 

rallel to e f • therefore 
f 6 C g is a parallelogram. 
And oecause be is equal 
to e {», the triangle ab 6 is 
likewise equal (i. 38) to the 
triangle aOC* s^^ee they 
are upon equal bases b Cy 
e C9 and between the same 
parallels, bc^ agj there- 
fore the triangle abc is 
double of the triangle 
J> ® . 816 C. And the parallelo- 

gram fecg is likewise double (i. 41) of the triangle aec> because it is 
upon the same base, and between the same parallels : therefore the pa- 
rallelogram fecff ^ equal to the triangle abC) and it has one of its 
angles cef equw to the given angle d j wherefore there has been de- 
scribed a parallelogram feCg equal to a given triangle abc» having' one 
of its angles cef e<l^l *<> *^e given angle d- Which was to be done. 
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Proposition XLIII. — ^Theobeh. 

The corn^plerrimts oj the paraUdogra/ms, which cure ab&ui the dva/irbeter of any 

pa/raUelogrcmh, a/re equal to one am/oth&r. 

Let abed ^e a parallelogram, of which 
the diameter is ac* &i^d eh? fg> the pa- 
rallelograms about aC) ^haJt is, through 
which 2i,Q passes, and bk kd? the ^her 
parallelograms which make up the whole 
figure abed? which are therefore called 
the complements. The complement b k is 
equal to the complement k i 

Because a b C d is a parallelogram, and 
a C its diameter, the triangle a b C ^s equal J)" 
(i. 34) to the triangle a d C : a^^ij because 
e k h a is a parallelogram, the diameter of which is a k the triangle a 6 k is 
equal to the triangle ahk ^ for the same reason, the triangle kgC is equal 
to the triangle kfc- Then, because the triangle aek is equal to tne triangle 
ahk aJid the triangle k ff C to k f C ; the triangle aek together with 
the triangle kge is equal to the triangle ahk together with the triangle 
k f e- But the whole triangle a b e is equal to the whole a d ; therefore 
the remaining complement bk is equal to the remaining complement kd« 
Wherefore the complements, &c. Q. K D. 




Proposition XLIV. — Problem. 

To a given straight line to apply a pa/ndlelogra/m, which shall he equud to 
a given triangle, and ha/ve one of its cmgles equal to a given, rectiUneaZ 
angle. 

Let ab be the given straight line, and c the given triangle, and d the 
giveli rectilineal angle. It is required to apply to the straight line aba 
parallelogram equal to the triangle o, and having an angle equal to d- 

Make (i. 42) the parallelogram b 6 fg equal to the triangle C) and having 
the angle ehg equal to the angle i, so that be be in the same straight 
line with ab^ and produce 
fg to h; and through a 
draw (i. 31) ah parallel 

tobg oroL and join hb« 
Then, because the straight 

line hf falls upon the pa- 
rallels ak e£ the angles 
ah£ hfe> are together 
equal (i. 29) to two right 
angles; wherefore the an- 
gles bh£ hfe> are less 
than two right angles. But straight lines which with another straight line 
make the interior angles upon the same side less than two right angles, 
do meet (12 ax.) if produced far enough : therefore hb^ fe s^iall meet if 
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produced; let them meet b k and through k <lnw kL paraUel to ea 
or fh, and produce ha* gb to the points I m : then hlkf is a paral- 
lelogram, of which the diameter is h k ai^d agj m 6 are the parallelograms 
about hk ; fe^d lb, t)f t^ ^c cothplements : thet^fofe lb is equal (i, 43) 
to bf; but bf is ^ual to the triangle C3 wherefore lb is equal to the 
trianglec j and because the anglegbe.is eaual (i. 15) to the angle abA 
and likewise to the angle d> the angle abm is equal to the angle d. 
Therefore the parallelogram 1 b is applied to the straight line a by m 
equal to the triangle c* ax^d has ^e angle abm equal to the mnffb^ d« 
'Which was to be done, 



. ■ MM . >^ -^>^ 



pBOPoemoN XLV. — ^PliokLttt. 



To describe a pcMrdBdogram equcd to a fiwn reefiUinecdJifHire^ &nd haiwng <m 

angle equal to a gwm rediUneiMl tmgk* 

tttt ibcd 1^ the given rectilineal figure^ and e tke giv^n reci^in^ 
angle. It is required to describe a parallelogram equal to abcd» atid 
hHving an angle ^ual to j^ 

Join db} ^^ describe (L 43\ the ptfallelograin t\L equal to itie trian^e 
adU ^>^^ having the angle nkf equal to the angle e ; and to the straight kne 
ff h apply (i. 44) the parallelogram g]^ equal to the triangle dbCy having 
Vie angle gbm ^qual to the angle e l and because the angle e Is equal io 
each of the angles fkh^ gbxiL the angle fkb id equal to gbm : add £) each 

of these the angle khg ; 
therefore the angles f Klly 
khgy <ure equal to the 
angles k ll g, ghm ; but 
fkLkbgatecqual(l. 29) 
to two ri^t angles ; there* 

fore also kbg} S[hllb 
are equal t6 two rf^t an* 
gled ; and bedalise at tiie 
Jioiilt b ill the ftthught 
Mne g k ^^ two btndght 
lines kk bm ^P<^ *^^ opposite sides of it make thd adjacent an^ equtai 
to two right angles, kh is in the same straight line (i; 14) with hnl I and 
because the straight line bff meets the parallels km, te *^ alternate atigleb 
Itthg, hef are ®^"*^ (^' ^9) : add to each of the»e ttie atiflie bgl: there- 
fore the ^des Hlb&r^ngL are equal to the angle* hgl kgl- But the 
auj 
ani^ 

ml'" kHs paraifei (i- 30Jto m 1 ; and km, fl are patallebi ; wherefore kflm 
is a parallelogram; ^^ because the triangle abd is equal to the parallelo- 
gram hC and the triangle dbc to the paraUelogram gm; the whole rec- 
tilineal fiffure abcd is equal to the whole paralMogram kflm; thei'e- 
fore the parallelogfam kflm ^ae been described equal to the given reeti^ 
lineal figure abc A having the angle fkm equal to the given fanglfe ©. 
Whi^ was to be doUe* 
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CdB. From tins it is maftifM kow to ii giv^ itmlght liii6 16 a^yply ft 
psTftUelogratn^ which shall hsire in ft&gle equ^ to a giyen rectilineal angle, 
and shall be eqoal to a giTSA reetililieal figure, yiz. by applying (i. 44) to the 
giveb straight liii« a paraUelograi^ equal to the first triangle abd» and 
hating aa aagk equal to the gireli angle. 
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ft<MW8mo» XLVI.— Pboblem. 

To deseribe a 8fuar$ upon a given straight line. 

Im ab b^ th6 gly^ Stflnght line) it is required to describe a square 

Fitmithepointa™^'^(i* ll}ftC at right angles to ab; and make (i. 3) 
ad <iqiiAl to all^ and Uitough the poiht d draw de parallel (i. 31) to a b> 
ted thfoi^h b dtaW b€ pi^allel to a d therefore a d 6 b i^ a parallelo* 
graa& r Whdnc^ ab ^ equal (i. 34) to de» and a d 
to bi: but ba id ^Ual to aa; therefore the C 
IbUr giraight titles ba» adi &^ 6b» ^^ equal to 
6a^ itfiOtbef, aiiid the parallelogram ad^b is equi'* 
lateiral^ likewise aM itii angles are right angles ; 
b^danie iJi^ Straight Mae ad meeting the parallels 
ab, de» th^ angles bad, tide afd equal (i. 29) 
to two right angles : but bad is a right a<igle ; 
therefore also a d 6 is a right angle j but the op- 
posite angles of parallelograms are equal (i. 34) : 
therefore each of the opposite angles abo, bed 
is a right angle ; wherefore the figure ad 6 b is 
rectangular, and it has been demonstrated that it 
is equSateral ; it is therefore a square, and it is 
described upon the given straight line ab* Which was to be done. 

COfti Hene^ et^fjf parallelograxn that has ofiS right aligle h^ all its 
ailglSB right aiigles. 




In cmy rlgM-angted tricmgkf the equarr^ whioh is described upon the side 
iUbtending the right angle ie equal io the squares described tipon the sides 
which corUavn the right a/ngle. 

Xitff abc he a right-angled triangle harihg the right angle bac; the 
square described upon the side b C is equal to the squares described upon 

ba^aa 

Oa b C d^cribe (L 46) the square b d 6 Cy ahd on b a? a C the squares 
ff b^ be j c^d through a draw (i. 31) al plu'allel to b dL oi^ C6> ^^^ i^^^ 
ad, f 0« HidUj becailse each ot the angles bac» bagis a right angle 
(30 de/»)i the two straight lines a C a g, upon the opposite sides of a b» 
make with it at the point a the adjacent angles equal to two right angles ; 
therefoi^e clb is in tibe same straight line (i. 14) with ag; for the same 
reason, ab ^^^^ ah ^^ ii^ the same straight line ; and because the angle 
dbc is equal to the angle f ba, each of them being a right angle, add to 
each the angle abCy ^^^ the whole angle dba is equal (2 oo?.) to the 
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whole fbc; and because the two sides ab> b d» are equal to the' two fb, be 

each to each, and the angle db a equid 
to the angle fbc; therefore the base 
ad is equal (i, 4) to the base f c, and 
the triangle at) d to the triangle f b C : 
now the partJlelogram bl is double 
(i. 41) of the triangle abd* because they 
are upon the same base bd? ajnd be- 
tween the same parallels b 4 a 1 j and 
the square gb is double of the trian- 
gle f bc> because these also are upon 
the same base f j}, and between the 
same partdlels f b> gC* But the dou- 
bles of equab are equal (6 ax.) to one 
another : therefore the parallelogram 
bl is equal to the square gb • and, in 
the same manner, by joining a 6? bfc 
it is demonstrated, that the parallelogram c 1 is equal to the square h c j 
therefore the whole square bdocis equal to the two squares gb, hci 
and the square bdoc is described upon the straight line bc^ and the 
squares gb) hc upon hBo QtC- wherefore the square upon the side bc 
is equal to the squares upon the sides b a? a C* Therefore, in any right- 
angled triangle, &c. Q. E. D. 




Proposition XL VIII. — ^Theorem. 

1/ the square described wpon one of the sides of a triangle he eqvual to the 
sqvLO/res described upon the other two sides of it ; the omgle contained by 
tJiese two sides is a right angle. 

If the square described upon bc> one of the sides of the triangle abc> 
be equal to the squares upon the other sides b a a C^ the angle b a C is a 
right angle. 

From the point a draw (i. 11) a d at right angles to aC) and make a d 
equal to ba and join dc* Then, because da is equal to ab^ the square 

of d a is equal to the square of a b- To each of these 
add the square of a C j therefore the squares of d a a C 
are equal to the squares of b a a C- But the square 
of dc is equal (i. 47) to the squares of da aCj be- 
cause d a C is a right angle ; and the square of b C9 
by hypothesis, is equal to the squares of b a a C ; 
therefore the square of d C is equal to the square 
of b C ; and therefore also the side d C is equal to 
the side b C> And because the side d a is equal to 
b C ab> and ac common to the two triangles dac> 

b a 0} the two d a a C are equal to the two b a a C ; 
®iid the base d C is equal to the base b C ; therefore the angle d a C is 
®qual (i. 8) to the angle b a C ; but d a is a right angle ; therefore also 
b a C is a right angle. Therefore, if the square, &c. Q. E. D. 
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Sect. L — Pbobleus^ 

1. Given a straight line and two points, to find a point in the line 
equidistant from each of the given points. 

2. Given a straight line, a point, and an angle, to draw from the point 
to the line another straight line that shall make with it an angle equal to 
the given angle. 

3. To divide a given finite straight line into any given number of equal 
parts. 

4. To trisect a right angle, that is, to divide it into three equal parts. 

5. Given an angle divided into any number of equal angles, to divide 
one half of the angle into the same number of equal angles. 

6. Given the base, one of the angles at the base, and the sum of the 
other two sides, to construct the triangle. 

7. To find a point in a triangle equidistant from the three angular- 
points of the triangle. 

8. Given the three angles of a triangle and the sum of its three sides 
to construct the triangle. 

9. To find a square which shall be equal to any number of given 
squares. 

10. To bisect a parallelogram by a straight line drawn through a given. 
point in one of its sides. 

1 1. To inscribe a square in a parallelogram, 

12. Given a right-angled isosceles triangle to inscribe in it a square. . 

13. Given a finite straight line to describe a square of which that line 
shall be the diameter. 

14. To construct a triangle that shall be equal to any given rectUineaL 
figure. 
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Sect. n. — ^Theobsms. 

15. There cannot be drawn more than two equal straight lines to 
another straight line from a given point without it. 

16. The straight line drawn frt)m a given point perpendicular to a 
g^ven line is the shortest that can be drawn from the point to the line. 

17. If a triangle have its exterior angle and one of its opposite interior 
angles double of those in another triangle, its remaining opposite interior 
angle is also double of the corresponding angle in the other. 

18. If two sides of a triangle be bisected, the straight line joining the 
two points of bisection will.be parallel to the other side. 

19. The difference between the two sides of a triangle is less than the 
third side. 

20. The sum of two sides of a triangle is greater than twice the line 
joining the vertex and the middle of the base. 

21. Each angle at the base of an isosceles triangle is equal to, or is 
less, or is greater than the half of the vertical angle, according as the 
triangle is right, obtuse, or acute-angled. 

22. If the vertical angle of an isosceles triangle be bisected, the bisecting 
line will bisect the base, and be perpendicular to it. 

23. In an isosceles triangle, if either of the equal sides be produced 
beyond the vertex, the line that bisects the exterior angle will be parallel 
to the base. 

24. The diameters of a rectangle are equal to one another. 

25. If any number of parallelograms be inscribed in a given parallelo- 
gram, the diameters of all the figures shall cut one another in the same 
point. 

26. In a parallelogram the diameters bisect .each other. 
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BOOK II. 



DEFINITIONS. 

I. Every right-angled parallelogram is said to be contained by any 
two of the straight lines which contain one of the right angles. 

II. In every parallelogram^ any of the a, e d. 
parallelograms about a diameter, together 
with the two complements, is called a 
gnomon. Thus the parallelogram hg? 
together with the complements a£ f C> is 
the gnomon, which is more briefly ex- 
pressed by the letters a ff k> or e h C> which ^ 
are at the opposite ang^s of the parallelo- 
grams which make the gnomon. 1l o 
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Proposition I. — ^Theorem. 

If there he two straight lines, one of which is divided into cmy nv/wher of 
pa/rts, the rectangle contained hy the two straight lines is eqtud to the 
recta/ngles contained by the undivided Une, amd the sefoeraX parts of the 
divided line. 

Let a aiid bc l>e two straight lines; and let bc be divided into any 
parts in the points d« e; the rectangle contained by the straight lines a^ 
b C is equal to the rectangle contained by 
a, b d? together with that contained by a? 
d 6; ^^^ that contained by a? 6 C- 

From the point b draw (i. 11) bf at 
right angles to bC) &nd make bg equal 
(i. 3) to a; aiid through g draw (i. ol) gh 
parallel to b C ; and through d* e> C> draw 
(i. 31) dk, eL oil parallel to bg; t^^en 
the rectangle b h is equal to the rectangles 
bk dL eh; ai^d bh is contained by 
a, bc> for it is contained by gb> bc> ^^^ 
gj} is equal to a^ aiid bk is contained by a> bd, for it is contained by 

f'b> bdj of which gb is equal to aj ai^d dl is contained by a» de> 
ecause dk that is (i. 34) bg is equal to a; ai^d in like manner the 
rectangle eh. is contained by a^ ec- Therefore the rectangle contained 
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bj a» bCy ^ equal to the several rectangles contained by a» bcL c^d by 
a» d^ and also by a» 6C- Wherefore, if there be tv70 straight lines^ &c. 
Q. E. D. 



Proposition II. — ^Theorem. 

If a straight U/ne he divided into cmy two paa-ts, the rectangles contained by 
the whole amd each of the parte a/re together equal to the square of the 
whole Une. 

Let the straight line ab be divided into any two parts in the point 

C; the rectan^e contained by ab^ bc^ together with the rectangle* a by 

V ac> shall be equal to the square of ab* 

Upon ab describe (i. 46) the square adeb» 
and through c draw (i. 31) cf, parallel to a d or b e- 
Then ae is equal to the rectangles a£ ce; ai^d ae 
is the square of ab ; and af is the rectangle con- 
tained by b fty a C ; for it is contained by d a? a C? of 
which ad ^s equ£d to abj ai^d ce is contained by 
ab> bCj for be is equal to ab; therefore the rect- 
angle contained by a bj a & together with the rect- 

4 I ® angle afe bc is equal to the square of ab* If 

therefore a straight line, &c. Q- E. D. 




Pkoposition III. — ^Theoreh . 

If a straight Une he divided into a/n/y two paHs, the rectangle contained by 
the whole a/nd one of the parts is eqaal to the rectangle contained by the 
two pa/rts, together with the squa/re of the aforesaid paH, 

Let the straight line ab be divided into any two parts in the point c; 

the rectangle ab; bc is equal to the rectangle ac> cb> together with the 

square of b C» 

Upon be describe (i. 46) the square 
Cdeb) and produce ed to £ and through a 
draw (i. 31) a f parallel to cd or be; then 
the rectangle ae ^ equal to the rectangles 
ad? ce; and ae ^s the rectangle contained 
V ab, b C, for it is contained by ab, b e, of 
which be is equal to bc; and ad is con- 
tained by aC) cb) foi^ cd is equal to cb; 
and db is the square of bc; therefore the 
rectangle a b, b 0, is equal to the rectangle 

ac cb, together with the square of bc- I^ therefore a straight line, 

&c. Q. E. D. 

* To avoid repeating the word contained too frequently, the rectangle oontuned by 
two straight lines ab, ac i« sometimes simply called the rectangle ab, ae. 
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Pboposition IV. — ^Theobeil 

If a atrmghi Ime he divided into am/y two pa/rta, the square of the whole Une 
is equ/oi to the squares o/the two paaiSy together with twice the recta/ngle 
contained by the parts. 

Let the straight line ab he diyided into any two parts in c? the square 
of a b is equal to the squares of ac? cb^ a^d to twice the rectangle con- 
tained hy aC) cb* 

Upon ab descrihe (i. 46) the square a deb* ^^^ join bd? ^uid 
through c draw (i. 31) cgf parallel to ad or be> and through ff draw 
h k parallel to a b or d 6- And because c f is parallel to a d^ and b^d ^^^dls 
upon them, the exterior angle b&^C is equal 

(i. 29) to the interior and opposite angle adbj ^ 

hut adb is equal (L 5) to the angle abd« he- 
cause b a is equal to a d? being sides of a square ; 
wherefore the angle cgb is equal to the angle 
g b C j and therefore the side b C is equal (i. 6) 
to the side c g* ^nt c b is equal (i. 34) also to 
ff k, and eg to bk; wherefore the figure egkb 
IS equilateral. It is likewise rectangular ; for c g 
is parallel to b k and c b nieets them ; the angles 
kbe^ S^eb are therefore equal to two right 
angles; and kbe is a right angle; wherefore geb is a right angle: and 
therefore also the angles (i. 34) egfc gkb? opposite to these, are right 
angles, and eSkb is rectangular; but it is also equilateral, as was de- 
monstrated; wherefore it is a square, and it is upon Uie side cb* ^or the 
same reason b f also is a square, and it is upon the side h g, which is 
equal to ae* Therefore h£ ek are the squares of ae? eb; and because 
the complement ag is equal (i. 43) to the complement ge, and that a g 
is the rectangle contained by a e* e b* ^or g e is equal to c b j therefore 
ge is also equal to the rectangle ae> ebi wherefore ag? ge are equal to 
twice the rectangle ac? eb* And hfj ck are the squares of ae> eb; 
wherefore the four figures ]i£ ek ag? ge are equal to iJie squares of 
aC) eb) and fo twice the rectangle ae* cb* But h£ ek ag* ge make 
up the whole figure adeb> which is the square of ab- Therefore the 
square of a b is equal to the squares of aC) cb? and twice the rectangle 
a e? C b* Wherefore, if a straight line, &c. Q. E. D. 

Cob. From the demonstration, it is manifest that the parallelogcamB 
about the diameter of a square are likewise squares. 
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FsoposiTioN V. — Theoreh:. 

If a straight fine he dwided into ttwo eqwd pa/rts, a/ndalso into two wnequxd 
pa/rts^ Uie reckmgle -contained by the un/egual parts, together with the square 
o/the line between the points of section, is equal to the square of half the 
Une, 

Let the straight liiie ab be diyided into two equal pajts in the point c* 
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and into two unequal parts at the point d ; the rectangle a d» dbi together 
with the square of c cL is equal to the square of cb- 

Upon cb descrihe (i. 46) the square cefb, join be, and through d 
draw (i. 31) dbg parallel to ce or bf ; and through h draw klm 
parallel to cb or ef j and also through a draw ak parallel to cl or bill- 
And hecause the complement cb is equal (i. 43) to the complement h£ 

to each of these add dm; therefore 
the whole cm ^s equal to the whole 
df ; hut cm is equal (i. 36) to aL 
because a C is equal to c b ; therefore 
also al is equal to df To each of 
these add cb, and the whole ab iB 
equal to d f and c b • hut ab is the rect- 
angle contained by a d, db» for db is 
equal (ii. 4. cor.) to db ; and df together 
with c b is the gnomon cmff ; there- 
fore the gnomon c mS^ is equal to the rectangle adi d b : to each of these 
add 1 g, which is equal (ii. 4. cor.) to the square of c d ; therefore the gnomon 
cm g, together with 1 g, is equal to the rectangle ad, db, together with the 
square of cd j but the gnomon cmg and \g make up the whole figure 
C 6 f b, which is the square of c b ^ therefore the rectangle a d, d b, to- 
gether with the square of c d, is equal to the square of c b- Wherefore, 
if a straight line, &c. Q. E. D. 

Cor. From this proposition it is manifest, that the difference of the 
squares of two unequal lines aC C d^ is equal to the rectangle contained by 
their sum and difference. 




Proposition VI.— Theorem. 

J/ a straight line he bisected, and produced to a/ny poirU, the rectangle con- 
tained by the whole line thus prodtused, ami the part of it produced, to- 
gether vnth the agua/re of half the line bisected, is equal to the squaa^ of the 
straight Une which is made wpofthe half and the part produced. 

Let the straight line a b be bisected in c, and produced to the point d ; 
the rectangle ad^ db, together with the square of cb, is equal to the 
square of c d- 

Upon c d describe (i. 46) the square c 6 f d, join d 6, and through b 
draw (i. 31) bbg parallel to co or df, and through b draw klm 
parallel to ad or e£ and also through a draw ak parallel to cl or d m i 

I d ^^^ because aC is equal to cb, the 
rectangle al is equal (i. 36) to cb ; 
but cb is equal (i. 43) to bf i there- 
20^ fore also al is equal to bf • to each 
of these add c m j therefore the whole 
am is equal to the gnomon c m S * 
and am is the rectangle contained by 
ad, db, for dm is equal (ii. 4. cor.) 

— i ' ^ db • therefore the gnomon cmg 

6^ f is equal to the rectangle ad, db '• add 
to eadi of these Ig, which is equal to the square of cb j therefore therect- 
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atigle ad> db? together with the square of cb» is equal to the gnomon 
CJUgf ^^^ the figure IS j hut the gnomon cmg and \g make up the 
whole figure C6f CL which is the square of cd ; therefore the rectangle 
ad> db» together with the square of cb) is equal to the square of cd 
Wherefore, if a straight line, &c. Q. E. D. 



Proposition VII. — ^Theorem. 

If a straight Une he divided into cmy two partSy the squa/res of the whok 
line, and of one of the pcurts, anre eqwcd to ttvice the rectcmgle contained by 
the whole a/nd thai paH, together wUh the aquua/re of the other pa/rt. 

Let the straight line a b he divided into any two parts in the point c ; 
the squares of ab> b C ^^ equal to twice the rectangle ab^ bc^ together 
with the square of a C- 

Upon ab dcscrihe (i. 46) the square adob? &i^d construct the figure 
as in the preceding propositions ; and because aST is equal (i. 43) to g q, 
add to each of them c k j the whole a k is therefore equal to the whole 
Ce j therefore ak C69 ai'e double of ak '• but 
a k C 6 ^e the gnomon a k £ together with the 
square ck j therefore the gnomon ak£ together 
with the square c k is double of ak : hut twice 
the rectangle ab» bc is double of ak ^or bk is 
equal (ii. 4. cor.) to bc : therefore the gnomon ak£ 
together with the square ck is equal to twice the 
rectangle ab) b C • to each of these equals add 
h £ which is equal to the square of a C i there- 
fore the gnomon ak£ together with tlie squares 
ck h£ is equal to twice the rectangle ab? bc^ 
and the square of ac ^ hut the gnomon ak£ together with the squares 
ck h£ make up the whole figure a deb ^^^ ck which are the squares 
of ab sJid b C ' therefore the squares of ab and bc ai*e equal to twice the 
rectfmgle a b? b C? together with the square of a C* Wherefore, if a straight 
line, 4kc. Q. K D. 




Proposition VIII. — ^Theorem. 

If a fAnuighl Une he divided into amy two paHs, fowr times the rectangle 
contained hy the whole Une, amd one of the paHa, together with the squa/rer 
of the other paH, is equal to the square of the straight Une which is made 
up of the whole amd that pa/rt. 

Let the straight line ab he divided into any two parts in the point c ; 
four times the rectangle ab^;bC9 together with the square of ac? is equal 
to the square of the straight line made up of a b and bC together. 

Produce ab to d> bo that bd he equal to cb? and upon a d describe 
the square aefdi and construct two figures such as in the preceding. 
Because cb is equal to bd> and that cb is equal (i. 34) to gkj and bd 
to kn j therefore gk is equal to kn : ^or the same reason, pr is equal 
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to r ; ttnd because c b is equal to bcL <uid gk to k]|> the rectangle ck 
is equal (L d6) to blL and gr to rn j but ck is equal (i. 43) to rib 
because tbej are the complements of the parallelogram c j therefore also 
bn is equal to gr ; and the four rectangles bib ck fifr^ rn are there- 
fore equal to one another, and so are quadruple of one of th«n c k- Again, 
because c b is equal to b d^ &i^d that b d is equal (ii. 4. cor.) to b k that 

is, to c g> Aiid cb equal to gk that is, to gp 
(ii. 4. cor.) ; therefore eg is equal to gp : ana 
because Cg is equal to gp, and pr to r O9 the 
rectangle ag is equal to mp, and pi to rf : 
but m p is equal (i. 43) to p 1, because thej are 
the complements of ^e parallelogram ml; 
wherefore a g is equal also to rf ^ therefore the 
four rectangles agj mp? pi, rf are equal to 
one another, and so are quadruple of one of 
them a g- And it was demonstrated that the 
four ck» blL gr? and rn are quadhiple of ck- 
Therefore the eight rectangles which contain 
the gnomon aoh are quadruple of ak ; and because ak is the rectangle 
contained by ab» bc> ^o^ bk is equal to bc> four times the rectangle 
E b> b is quadruple of a k ^ but the gnomon a ll was demonstrated 
to be quadruple of aki therefore four times the rectangle ab> bc? is 
equal to the gnomon a h* ^^ ^^^ of these add x ll> which is equal 
(ii. 4. cor.) to flie square of a C ^ therefore four times the rectangle abj b C> 
together with the square of ac> is equal to the gnomon aoh &ud the 
square xh '• but the gnomon aoh snd xh make up the figure aef d> 
which is the square of a d '• therefore four times the rectangle a b? b C> 
together with the square of a C; is equal to the square of a d^ ^hat is, of 
a b and b C added together in one straight line. Wherefore, if a straight 
line, (fee. Q. E. D. 




Troposition IX. — Theobeu. 

1/ a gtrcnght Une he divided into two equals cmd also into tm> unequal 
'pojrtSy the sqiw/rea of the tvx> unequal parts a/re together double of the 
sqwwe of half the lime, a/nd of the squa/re of the Une between the points of 
section. 

Let the straight line ab ^^ diyided at the point o ii^^ ^wo equal, 
and at d into two unequal parts : the squares of ad« db ^^ together 
double of the squares of a Q, Q d. 

From the point c draw (i. 11) CQ &t right 

angles to ab? and make it equal to ac or 
cb? and join ea? ob; through d draw (i. 31) 
d f parallel to c 69 fi^d through f draw f g pa- 
rallel to ab; ai^d join af : ihen, because ao 
is equal to c 69 the angle e a4) is equal (i. 5) 
^ to the angle a 6 C ; ^nd because the angle a C 6 
^ is a right angle, the two others a . Ct 6 a C to- 
gether make one right angle (i. 32); and they are equal to one another; 
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each of iihem therefore is half of a right angle. For the game reason, each 
of the angles c 6 b? 6 b C is half a right angle ; and therefore the whole a 6 b 
is a right angle : fuid because the angle g 6 f is half a right angle, and egf^ 
right angle, for it is equal (i. 29) to the interior and opposite angle ec\h the 
remaining angle e fg is half a right angle ; therefore the angle g^ e f is equal 
to the angle efg, and the side eg equal (i. 6) to the side ^f: again, be«> 
cause the angle at b is half a right angle, and f d b a right angle, for it is 
equal (i. 29) to the interior and opposite angle e C b> '^6 remaining angle 
b f d is half a right angle ; therefore the angle at b is equal to the angle b f dy 
and the side df to (i. 6) the side db: ai^d because ac is equal to cO; the 
square of a C is equal to the square of ce; therefore the squares of ac> 
C e^ ai'o double of the square of a C ^ but the square of e a is equal (i. 47) 
to the squares of ac? CO? because ace is a right angle; therefore the 
square of 6 a is double of the square of a C • again, because Og^ equal to 
gf, the square of eg^ is equal to the square of ^f; therefore the squares 
of e g, gf are double of the square of g f; but the square of e f is equal 
to the squares of eg? gf; therefore the square of ef is double of the 
square gf; and gf is equal (i. 34) to cd; therefore the square of ef is 
double of the square of c d • but the square of a 6 is likewise double of the 
square of ac ; therefore the squares of a 6? ef ai*e double of the squares of 
a a cd*' and the square of a f is equal (i. 47) to the squares of a 6? 6 £ 
because aef is a right angle; therefore the square of a f is double of the 
squares of aC; cd* hut the squares of ad^ d£ are equal to the square of 
a£ because the angle adf is a right angle; therefore the squares of ad> 
df are double of the squares of ac^ cd<' ^^^ df is equal to db; there«- 
fore the squares of a d> d b ^i'^ double of the squares of a C» C d* If there* 
fore a straight line, &c. Q. E. D. 



Peoposition X. — Theohem. 

If a straight line he bisected, cmd produced to any point, the squa/re of the 
whole Ihi/e thus produced, and the square ofthepa/rt of U prodntced, a/re 
together double of the squa/re of half the Une bisected, a/nd of the squa/re 
of the line made u/pofthe halfamd the paH produced. 

Let the straight line ab he bisected in c and produced to the point dj 
the squares of a d) d b sre double of the squares of a C? C d- 

From the point c draw (i. 11) ce at right angles to ab^ and make it 
equal to ac or cb; and join aOy ob; through e draw (L 31) 6 f parallel 
to a by and through d draw d f parallel to c 6 ^ and because the straight 
line ef meets the parallels ec? f df the angles .ce£ ef d are equal (i. 29) 
to two right angles ; and therefore 
the angles be£ ofd are less than 
two right angles; but straight lines 
which with another strai^t line 
make the interior angles upon the 
same side less than two right angles, 
do meet (12 oo?.) if produced far 
enough : therefore eb^ fd shall 
meet if produced towards by d '* l^t 
them meet in g, and joio ag: theu^ 
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because ac is equal to cO) the angle coa is equal (i. 5) to the angle 
e a C ; a^^ the angle a C 6 is & right angle ; therefore each of the angles 
CO 80 eac is half a right angle (i. 32). For the same reason, each 
of the angles ceb> obc is half a right angle; therefore aeb is a right 
angle: and because ebc is half a right angle^ dbg^ is also (i. 15) 
half a right angle, for they are vertically opposite; but bdg^ is a right 
angle, because it is equal (i. 29) to the alternate angle dcoj therefore 
the remaining angle dgb is half a right angle, and is therefore equal to 
the angle dbj^j wherefore also the side bd is equal (i. 6) to the side 
d g* Again, because 6 g f is half a right angle, and that ike angle at f 
is a right angle, because it is equal ^i. 34) to the opposite angle e C d^ 
the remaining angle feg is half a right angle, and equal to die angle 
6gfi wherefore also the side gf is equal (i. 6) to the side fe. And be- 
cause ec is equal to ca^ the square of ec is equal to the square of ca; 
therefore the squares of qq, c a are double of the square of c a- But the 
square of ea is equal ({, 47) to the squares of eCj ca; therefore the 
square of ea is double or the square of ac- Again, because gf is equal 
to fe, the square of gf is equal to the square of fe; and therefore the 
squares of g f f e are double of the square of e f : but the square of e g is 
equal (i. 47) to the squares of gf f O; therefore the square of eg is double 
of the square of ef- and el i^ equal to cdj wherefore the square of eg 
is double of the square of c d- But it was demonstrated, that the square 
of e a is double of the square of aC'« therefore the squares of ae> eg, are 
double of the squares of aC? cd: and the square of a g is equal ^. 47) 
to the squares of a 6^ eg; therefore the square of ag is double of the 
squares of aC) cd'- ^^^ ^^ squares of ad« dg are equal (i. 47) to the 
square of agj therefore the squares of ad^ dg are double of the squares 
of B,C cd'. but dg is equal to dbj therefore the squares of ad, db 
are double of the squares of ac> cd- Wherefore, if a straight line, &c. 
Q. E. D. 



Pboposition XI. — ^Problem. 

To divide a given straight line imto tioo pa/tts, so that the redcmgle con- 
tamed hy the whole cmd one of the parts shaU &e equal to the Bgva/re of 
the other pani. 

Let ab be the given straight line ; it is required to divide it into two parts, 
so that the rectangle contained by the whole and one of the parts shall be 
equal to the square of the other part. 

Upon ab describe (i. 46) the square abdc; bisect (i. 10) aC in e> 
and join bej produce ca to £ and make (i. 3) ef equal to eb, and upon 
a f describe (i. 4:6) the square fgha; ab is divided in b, so that the 
rectangle ab b 1^' is equal to the square of ah* 

Produce gb *^ k; because the straight line aC is bisected in e? aiid 
produced to the point f, the rectangle c£ f a» together with the square of 
aO) is equal (ii. 6) to the square of ef: but ef is equal to eb; therefore 
the rectangle c£ fa> together with the square of ae> is equal to the 
square of eb'* ^^^ the squares of ba» ae are equal (i. 47) to the square 
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of eb? because the angle eab is a right angle; therefore the rectangle 
c£ fSo together with the square of ao? is equal to j* g, 

the squares of bSo ao- take away the square of ' '^ 

a B, which is common to both, therefore the remain- 
ing rectangle c£ fSo is equal to the square of abj 
and the figure f k is the rectangle contained by c £ 
f 80 for af is equal to fg; and ad is the square of 3, 
ab; therefore fk is equal to ad^ take away the 
common part ak &i^d the remainder fh is equal 
to the remainder hd- ai^d hd is the rectangle 
contained by ab? bb? for ab is equal to bdj C 
and f h is the square of ah- Therefore the rect- 
angle a b b h is equal to the square of a h • where- 
fore the straight line ab is divided in h, so that the 
rectangle ab bb is equal to the square of ab« 
Which was to be done. 




Proposition XII. — ^Theorem. 

In obtuse-cmgled triomgles, if a perperidicula/r he dra/wn from cmy of the 
acute cmglea to the opposite side producedy the squoure of tJve side sub- 
tending the obtuse cmgle is greater them the squa/res of the sides contain- 
ing the Muse angle, by twice the redxmgle contained by the side upon 
which, when produced, the perpendicular' falls, amd the st/ra/ight line in- 
tercepted without the triangle betu^een the perpendicidar a/nd the obtuse 
a/ngle. 

Let abc be an obtuse-angled triangle, having the obtuse angle acb 
and from the point a let ad be drawn (i. 12) perpendicular to bc pro- 
duced. The square of ab is greater than the squares of ac? cb by 
twice the rectangle b C? C d> 

Because the straight line b d is divided into two parts in the point Ct 
the square of b d is equal (ii. 4) to the squares 

<>f be? cd> ^T^^ twice the rectangle bc? cd* a 

To each of these equals add the square of d a ; 
and the squares of bd> da ai'e equal to the 
squares of b C? C d? d a» ai^d twice the rectangle 
b C7 C d- But the square of b a is equal (i. 47) 
to the squares of b d^ d a» because the angle at 
d is a right angle; and the square of c a is 
equal (i. 47) to Qie squares of c d> da* There- 
fore the square of b a is equal to the squares 
of b C> C a> ^^^ twice the rectangle b C> C d j ** ^ ^ 

that is, the square of b a is greater than the squares of b C? C a? by twice 
the rectangle b C? C d* Therefore, in obtuse-angled triangles, &c. Q. E. D. 
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Fbopositiok XIII. — ^Theorem. 

• 

In every Pncmgle, the squa/re of the side syJbteviding amy of the acute angles 
18 lees tha/n the squares of the sides contaimng thai angle, by ttoice the 
rectwngle corUained by either of these sides, and the straight line inter- 
cepted be6ween the perpendicular le£ faU upon it from the opposite angle 
and the acute angle. 

Let abc be any triangle, and the angle at b one of its acute angles, 
and upon b C^ one of i£e sides containing it, let fall the perpendicular 
(i. 12) ad &om the opposite angle: tihe square of ac* opposite to the 
angle b? ^ ^^^ than tiie squares of cb» h)B» by twice the rectangle 

cb^bd. 

First, let ad &11 within the triangle abc; and because the straight 

line cb is divided into two parts in the point 
d, the squares of cb» bdi ^^ equal (ii. 7) to 
twice the rectangle contained by c b> b d> and 
the square of dc- To each of these equals add 
the square of adj therefore the squares of 
C b> b d> d So ai'e equal to twice the rectangle 
cb> bd^ and the squares of ad> dc* But the 
square of a b is equal (i. 47) to the squares of 
bd> da» because the angle bda is a right 
angle; and the square of ac is equal to the 
squares of ad^ dc- Therefore the squares of 
cb) ba are equal to the square of aCj and twice the rectangle cb> bd; 
that is, the square of ac alone is less than the squares of cb^ ba by twice 
the rectangle c b» b d< 

Secondly, let ad fall without the triangle abc* Then, because the 

angle at d is a right angle, the angle acb is 
greater (i. 16) than a right an^e ; and there^ 
fore the square of a b is equal (ii. 12) to the 
squares of ac^ cb» and twice the rectangle 
bc> cd- To these equals add Uie square of 
bC; and the squares of ab^ bc are equal to 
the square of ac» and twice the square of b€» 
and twice the rectangle bc^ cd< But because 
bd is divided into two pajls in c, the rect- 
angle db? be is equal i^i. 3) to the rectangle 
bCy cd aodtbesquareof be- Andthedoublea 
of these are equal. Therefore the squares of ab» be are equal to the 
8» square of ac? and twice the rectangle db» bc* Therefore 
the square of ac alone is less than ti^ squares of ab> bCy 
by twice the rectangle db» be- 
Lastly, let the side ac be perpendicular to be; 'then 19 
be the straight line between the perpendicular and the 
acute angle at bi and it is manifest^ that the squares of 
ab) be^ are equal (i. 47) to the square of ae and twice the 
square of b C« Therefore, in every triangle, <fec Q. E. D. 
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g; and from the centre 
tiie distance g^b or g 
scribe the semicircle b £ ] 



Proposition XTV. — ^Fboblem. 
To describe a square that shctM be eqaxd to a ghssn reMinealJlgii/re. 

Let a l>6 ^6 given rectilineal figure; it is required to describe a square 

that shall be equal to a* 

Describe (i. 45) the rectangular parallelogram bcde equal to the 

rectilineal figure a- If then the sides of it, bOy 6d« are equal to- one 

another, it is a square, and what was required is now done. But if they 

are not equal, produce one of 

them be to £ and make ef 

equal to e d? ai^d bisect b f in 
'; and from the centre g*, at 

rde- 
£and 

produce de to b? aud join 

gh ' therefore because the 
straight line bf is divided 
into two equal parts in the 
point g, and into two imequal 

at e? the rectangle b e^ e £ together with the square of e g> is equal (ii. 5) 
to the square of gf : but gf is equal to gb: therefore tiie rectangle be> 
e £ together with Sie square of e g, is equal to the square of gb • but the 
squares of be^ eg are equal (i. 47) to the square of gb: ttierefore the 
rectangle b e^ e £ together with the square of e g> is equal to the squares of 
he^ eg; take away the square of eg) which is common to both; and the 
remaining rectangle be> ef is equ^ to the square of eb' but the rect- 
angle contained by be^ ef is the parallelogram bdj because ef is equal to 
ed; therefore bd is equal to the square of ebj l>iit bd is equal to the 
rectilineal figure a; therefore the rectilineal figure a is equal to the square 
of e b' Wherefore a square has been made equal to the given rectilineal 
figure a, viz. the square described upon eh- Which was to be done. 
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EXERCISES ON BOOK II, 



Sect. I. — Problems. 

1. Oiven the difference between two squares, to find a line whose 
square shall be equal to that differencer. 

2. Oiyen two lines, to produce one of them, so that the rectangle con- 
tained by the two given lines shall be equal to the square of the part pro- 
duced. 

3. Giyen a straight line, to describe on it, as the hypotenuse, a right- 
angled triangle such that the sum of the hypotenuse and the lesser of the 
other two sides shall be double of the remaining side of the triangle. 

4. Giyen the sum of the squares of any number of lines, to find a line 
whose square shall be equal to the given sum. 



Sect. II. — Theorems. 

5. If a straight line be drawn from the vertex of an isosceles triangle 
to any point in the base, the square described on this line, together with 
the rectangle contained by the segments of the base, is equal to the square 
described upon either of the equal sides. 

6. The difference between the squares of two unequal straight lines is 
equal to the rectangle contained by their sum and difference. 

7. If a straight line be divided into five equal parts, the square of the 
whole line is equal to the square of the straight line which is made up 
of four of those parts, together with the square of the straight line which 
is made up of three of those parts. 

8. If a perpendicular be drawn from the right angle of a right-angled 
triangle to the hypotenuse, the square of the perpendicular is equal to the 
rectangle contained by the segments of the hypotenuse. 

9. If the base of a triangle be bisected, the sum of the squares of the 
other two sides is equal to twice the square of half the base and twice 
the square of the line drawn from the point of bisection to the vertical 
angle. 

10. If the middle points of the opposite sides of a quadrilateral 
figure be joined, the sum of the squares of the joining lines is equal to 
one-half the sum of the squares of the diagonals of the quadrilateral. 

11. If the sides of a triangle be bisected and lines drawn from the 
points of bisection to the opposite angles, four times the sum of the 
squares of these lines shall be equal to three times the sum of the squares 
of the three sides of the triangle. 
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BOOK III, 



DEFINITIONS. 

I. Equal circles are those of which the diameters are equal, or from 
the centres of which the straight lines to the circumferences are equal. 

This is not a definition, but a theorem, the truth of which is evident ; 
for, if the circles be applied to one another, so that their centres coincide, 
the circles must likewise coincide, since the straight lines from the centres 
are equal. 

II. A straight line is said to touch a circle when it meets the circle, 
and being produced does not cut it. 

III. Circles are said to touch one another, which meet but do not cut 
one another. 




Definitions II. and III. 



IV. Straight lines are said to be equally distant from the centre of a 
circle, when the perpendiculars drawn to them from the centre are equal. 

V. And the straight line on which the greater perpendicular falls is 
said to be farther from the centre. 




Definitions IV. and V. 

VI. A segment of a circle is the figure contained by a straight line and 
the circimiference it cuts off. 




Definition VI. 
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YII. The angle of a segment is that which is contained by the straight 
line and the circamference. 

YIII. An angle in a segment is the angle contained by two straight 
lines drawn from any point in the circumference of the segment to the 
extremities of the straight line which is the base of the segment 

IX. And an angle is said to insist or stand npon the circumference 
intercepted between the straight lines that contain the angle. 




Definitioiis Till, and IX. 



X. The sector of a circle is the figure contained by two straight lines 
drawn from the centre^ and the circumference between them. 




Definition X. 



XI. Similar segments of a circle are those in which the angles are 
equal, or which contain equal angles. 




Definition XI. 



Peoposition I. — Problem. 
To find the centre of a given cirde. 

Let a b C be the given circle ; it is required to find its centre. 

Draw within it any straight Hne ab> and bisect (i. 10) it in d ; from 
the point d draw (i. 11) dc a* right angles to ab> and produce it to q, 
and bisect c 6 in f : the point f is the centre of the circle ab C- 

For, if it be not, let, if possible, g be the centre, and join g a? g d» 



BOOK ni. PROP. II. 



49 



gb- Then, because da is e^ual to db^ ^t^^ dg cominon to the two 
triangles a d g? b d g> the two sides a d^ d g? ai'e 
equal to the two b d^ d g? each to each ; and the 
base g a is equal to the base g b) because they are 
drawn from the centre g* ; therefore the angle 
a d g is equal (i. 8) to the angle g d b- But when 
a straight line standing upon another straight line 
makes the adjacent angles equal to one another, 
each of the angles is a right angle (i. def. 10) : 
therefore the angle g d b is a right angle : but 
f db is likewise a right angle : wherefore the angle 
f db is equal to the angle g db? the greater to the 
less, which is impossible : therefore g is not the centre of the circle abc- 
In the same manner it can be shewn, that no other point but f is the 
centre ; that is, f is the centre of the circle a b C- Which was to be found. 
Cor. From this it is manifest, that if in a circle a straight line bisect 
another at right angles, the centre of the circle is in the line which bisects 
the other. 




Proposition II. — ^Theorem. 

If any two points he taken m the ei/rcumference of a cvrde, the st/raight line 

which joins them shaU/aU within the cirde. 

Let a b C be a circle, and a* b ^^7 two points in the circumference ; the 
straight line drawn from a to b shall fall within the circle. 

For, if it do not, let it fall, if possible, without, as aob j find (i. 3) d 
the centre of the circle a b C ; and join a d> d b? 
and produce d£ any straight line meeting the cir- 
cumference ab) to e * then because da is equal to 
db} the angle dab is equal (i. 6) to the angle 
dba ; aud because a 6? ^ side of the triangle da O? 
is produced to b> the angle deb is greater (i. 16) 
than the angle d a 6 J but d a 6 is equal to the angle 
d b e i therefore the angle d 6 b is greater than the 
angle dbe ^ but to the greater angle the greater 
side is opposite (i. 19) ; db is therefore greater 
than d e • but db is equal to d f ; wherefore df is 
greater than d 6? the less than the greater, which is impossible : therefore 
the straight line drawn from a to b does not fall without the circle. In the 
same manner, it may be demonstrated that it does not fall upon the cir- 
cumference ; it falls therefore within it Wherefore, if any two points, 
Ac. Q. E. D. 




* Whenever the expression "straight lines from the centre/' or '' drawn from the 
centre," occurs, it is to be understood that they are drawn to the circumference. 
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Proposition III. — ^TkEOREM. 

J/a straight Une dravm thnmgh the centre of a cirde Used a s^rmght line in 
it vMdb does not pass through the centre^ it shall cut it at right angles ; 
amd if it cuts it at right angles, it shall bisect it. 

Let abc be a circle ; and let c d^ a straight line drawn throngli the centre^ 
bisect any straight line a b> which does not pass through the centre, in the 
point f 'y it cuts it also at right angles. 

Take (i. 3) e the centre of the circle, and join e a» e b* Then, because 

a f is equal to f b, and f e common to the two tri- 
angles afe> bfCf there are two sides in the one 
equal to two sides in the other, and the base e a is 
equal to the base e b ; therefore the angle a f e is 
equal (i. 8]) to the angle b f 6 : but when a straight 
line standing upon another makes the adjacent 
angles equal to one another, each of them is a right 
4 angle (i. def 10^ : therefore each of the angles 
afe^bfe^isa nght angle ; wherefore the straight 
line cd, drawn through the centre, bisecting an- 
other ab that does not pass through the centre^ cuts the same at right 
angles. 

But let c d cut a b at right angles ; c d also bisects it ; that is, a f is 
equal to f b. 

The same construction being made, because e a» 6 b» from the oentrd 
are equal to one another, the angle e a f is equal (i. 5) to the angle e b f : 
and the right angle af 6 is equal to the right angle bf 6 s therefore, in 
the two triangles eafi eb£ there are two angles in one equal to two 
angles in the other, and the side e £ which is opposite to one of the equal 
angles in each, is common to both ; therefore the other sides are equal 
(i. 2,%) ; a f therefore is equal to f b. Wherefore, if a straight Une, Jko 
Q. E. D. 




Proposition IV. — Theorem, 

If in a cirde tvx) straight Jmes cut one a/nother which do not both pa^s 
through the cenl/rey they do not bisect each other. 

Let abed be a circle, and a C; b d two straight lines in it which cut one 
another in the point e, and do not both pass through the centre : a (^ b dr 
do not bisect one another. 

For, if it be possible, let a 6 he equal to e Cf 

and b e to e d •' i^ one of the lines pass through 

the centre, it is plain that it cannot be bisected 

. by the other which does not pass through the 

\d« centre : but if neither of them pass through the 

•^ ^ -""^^ ' centre, take (i. 3) f the centre of the circle, and 

join ef ; and because f e, a straight line through 
the centre, bisects another a C which does not 
pass through the centre, it shall cut it at right 
(iii. 3) angles : wherefore fea is a right angle. 
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Again, because ihe straight line f e bisects the straight line bd^ which does 
not pass through the centi*e, it shall cut it at right angles (iii. 3) : wherefore 
f e b is a right angle : and f%% was shewn to be a right a&gle ; therefore 
f ea is equal to the angle feby the less to the greater, which is impos- 
sible : therefore a C^ b d <^o not bisect one another. Wherefore, if in a 
circle, <fec. Q. E. D. 



Proposition V. — Thbobem. 

I/koo cirdes cut one a/rwther, they MH ndt hate the 'same cerUre, 

Let the two circles a b C^ C d|^ cut one another in the points b» C I they 
have not the same centre. 

For, if it be possible, let e. be their centre j 
join 6€> c^d draw any straight litie ef g^ nte^ting 
them in f and gr ; and because e- is the centre of 
the circle a b C» C 6 is equal to e £ Again, because 
e is the cenk'e of the circle cigt Ct is equal to 
6 g : but e 6 was shewn to be equal to b f : there- 
fore ef IS equal to eg*; the less to the greater, 
which is impossible : therefore e is not the centre 
of the circles a b C» C d g« Wherefore, if two« 
drcles, &c» Qi £. IX 




Proposition VL — Thbobem. 

t/twd d/irdes touch one (mother mtemailp, thty ^taU Hot kd/&e the mm 

centre. 

Let Ihe two cirdes-abC; cd0> touch on^ another internally in the point 
j they have not the same centre. 

For, if they haVe, let it be f ; join tt *fchd 
draw anjr straight line f e b meeting them in e 
and b j ai^d because f is the centre of the drclis 
abc? cf is equal to fbj also, because f is the 
centre of the circle c d 6? C f is equal to f e : and 
cf was shewn to be equal to f b j therefore f e i* | 
equal to f b) the less to' the greater, which is im- 
possible : wherefore f is not the centre of the 
circles abo> od^* Therefore, if two circles^ 
d^c Q. E. D. 




PrOPOSITIOK VII. — TttBORSM; 

if (my poiTtt he taken in the diameter of a cwdle which is not the cen^, of 
all the st/ronjght tinea which cam he d/rmmi from, it to the circumference^ the 
greatest is duU in which the centre is^ cmd the (fther paH o/thiu (Ucmeter 
is the least; and of any others, that which is liaar€r to the Une which 
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passes ihirofogh the centre is alwa/ys greaier them one mxyre remote. Aim 
from the same point there can be drawn only tvx> straufht Unes thai o/re 
equxd to one another, one upon each side of the shortest line. 

Let abed l>e a circle, and ad its diameter, in which let any point f be 
taken which is not the centre. Let the centre be e ; of all the straight lines 
f b> f C f g, <fec. that can be drawn from f to the circumference, fa is the 
greatest, and f d, the other part of the diameter ad^ i^ ^^ least: and of 
the others, f b is greater than f c and f c than f g. 

Join be, 06) ffO; ftnd because two sides of a triangle are greater 
(i. 20) than the third, be? e£ ore greater than bf; but a 6 is equal to 

eb; therefore aO, e£ that is a £ is greater than 
bf Again, because be is equal to o©, and fe 
common to the triangles be£ Ce£ ^^ two sides 
b e> 6 f are equal to the two c 6) 6 f i ^^t the angle 
bef is greater than the angle cof j therefore flie 
base b f is greater (i. 24) than the base f c : for 
the same reason c f is greater than g f. Again, be^ 
cause g£ f 6 are greater (i. 20) than eg, and eg 
is equ5 to e d, g£ f 6 are greater than e d i take 
away the common partf e, and the remainder gf 
is greater than the remainder f d- therefore fa is 
the greatest, and f d the least of all the straight 
lines from f to the circumference; and bf is greater than o£ and of 
than gf. 

Also there can be drawn only two equal straight lines from the point f 
to the circumference, one upon each side of the shortest line f d : at the 
point e in the straight line e£ make (i. 23) the angle f eh equal to the 
angle ge£ and join fh: then, because ge is equal to eh> and ef com- 
mon to the two triangles ge£ hof^ the two sides ge, of are equal to 
the two he> ef; and the angle gef is equal to the angle bef; therefore 
the base f g is equal (i. 4) to the. base f h- But besides fb, no Other 
straight line can be drawn from f to the circumference equal to f g : for, 
if there can, let it be f k ; and because f k is equal to f g, and f g to f b, 
f k is equal to f h ; that is, a line nearer to that which passes through the 
centre, is equal to one which is more remote ; which is impossible. There- 
fore, if any point be taken, &c. Q. E. D. 




Proposition VIIL — Theorem. 

If amy pomt he taken ivithotit a cirde, ami straight lines be drawn from it 
to the cvrcwmference, whereof one passes through the centre; <f those which 
faU wpon the conca/oe circumference, the greatest is thai which passes 
through the centre; amd of the rest, that which is nearer to that through 
the centre is always greater than the more remote : but of those which 
fall upon lh/e convex drcfwmfer&nce, the least is that betwe&n the point unth- 
cut the circle amd the diarmeter; and of the rest, that which is nearer 
to the least is always less than the Tnore remote.: and anhf two equal 
straight lines can be draum from, the point unto the circumference, one 
2ipon each side of the least. 
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Let abc ^ & circle, and d &i^y point without it, from which let the 
straight lines da» de> d£ dc he drawn to the circumference, whereof 
d a passes through the centre. Of those which fall upon the concave part 
of the circumference a 6 f C> the greatest is a d which passes through the 
centre ; and the nearer to it is always greater than the more remote, viz., 
de than d£ &]id df than dcj hut of those which fall upon the convex 
circumference hlkg> the least is dfi^ between the point d aiid the dia- 
meter a g ; and the nearer to it is always less than the more remote, viz. 
dk than dL and dl than dh- 

Take (i. 3) m the centre of the circle a b C> and join m e> m £ HI C> m k, 
in L mil- And because am is equal to me? add md to each, therefore 
ad is equal to em* md; but em) md are greater (i. 20) than ed; there- 
fore also a d is greater than e d- 
Again, because me is equal to 
XIX £ and md common to the 

triangles em A fmdj em, 

m d are equal to f m, m d : but 
the angle e m d is greater than 
the angle fmd; therefore the 
base e d is greater than the base 
f d (i. 24). In like manner it 
may be shewn that f d is greater 
than cd« Therefore da is the 
greatest, and de greater than 
d£ and df than dc* And be- 
cause m k k d are greater (i. 20) 
than m d, and m k is equal to 
m gf the remainder k d is greater 
(4 ax.) than the remainder gi, 
that is, gi,\a less than k d- And 
because mk> dk are drawn to 
the point k within the triangle 
mid from m> d, the extremi- 
ties of its side md; mk> kd, 

are less (i. 21) than mL Id, 
whereof mk is equal to ml; 
therefore the remainder dk is 
less than the remainder dl* In 
like manner it may be shewn 
that dl is less than dh: therefore dg^ is the least, and dk less than 
dL and dl than dh- Also there can be drawn only two equal straight 
lines from the point d to the circumference, one upon each side of 
the least. At the point m, ^ the straight line md, make the angle 
dmb equal to the angle dmk, and join db» And because mk is equal 
to mb, and md common to the triangles kmd, bmd, the two sides 
k m, m d are equal to the two bm, m d, and the angle km d is equal to 
the angle bmd; therefore the base dk is equal (i. 4) to the base db* 
But besides d b there can be no straight line drawn from d to the cir- 
cumference equal to dk- For if there can let it be dn; and because dk 
is equal to dn and also to db, therefore db is equal to du; that is, 
nearer to the least equal to the more remote, which is impossible 
therefore any pointy dec. Q. E. H 




Si Tm». ^jpiCBNTS Qr QCPCUD. 



If a point h^ ta/cexb voUhyf^ 4 <?»rcfe, yro«» ^nt^^^ ih/ere fojl more ^n two. 
equal 9tra^H. lin^ tq. tJU <fircumfer€UQ$a thc^t nrntd, is, 1M cferUre qfthfi, 
circle. 

Let the point d ^^ taken witbin the circle abc? ft<>ioa which to the cir- 
cumference there fall more than two equal -etraight lines, viz. ^d lb dU dc?. 
the point d is the centre of the circlet. 

±!or^ if not; let q be the centre^ Join d 6 ^^^ produce it to the circum- 
ference in £ g^.: then fg is a diameter of the 
circle abc* And because in fc^, the diameter 
of the circle abc> there is taken the point d» 
which is not the centre, d g shall be the greatest 
I o line j&rom it to the circumference, and d C greater 
^iii. 7) than dby &i^d db than dft* ^^^ they 
Are likewise equal, which is impossible j there- 
fore e is not the centre of the circle al^C,* Ir 
"^ like manner it may be demonstrated that no, 

** . other point but d is the centre ; d therefore is. 

the centre. TVlierefore^ if a point be taken, &c. Q. E. D, 




Proposition X. — Theokem. 
One wrowmferemce of a cwrde comnot cfut cmolikeT in mo^e- them ttvo pointy, 

Ip it be possible^ let the eircumference abc cut the ciTciimfer^qe ieT 

in more than two points^ viz. in b> S'> f j take 
the centre k of the circle abc? aud join kb? 
kg^9 kf And because within ttie circle def* 
there is taken ^e point ki from which to the 
circumference d 6 f frU more ^han two equal 
straight lines k b» k gS k {» the point k is the 
centre of the circle d f (iii* ^X But k is also tke 
centre of the circle abc; therefore the same 
point is the centre of two circles that cut one 
another, which is hnpoasible (iiL 5). There- 
fore €MBLe circumference of a circle caxuaot cut 

ftnotbep i« ittor«i than two points. Q. E. D. 
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PnwoaiTiojir XL— Theorem. 

I/tuH> circk9 kmch each other iaUm-wMy, the iAraicfU Mm %M^ joins their 
cerUres being produced ihaUpcm ^ouffh the point o/c<mtact. 

Let the two Qurcles a b 0, a d e touch each other internally in the point 

a, aod let f be the centre of the circle 

abCy and g the centre of the circle ade* 

The straight line which joins the centres 

£ gy being produced, passes through the 

point a- 

For, if not, let it fall otherwise, if pos- 
sible, as fgdh> and join a£ ag* And 
because ag, gf are gre&tet (i. 20) than 
fa, that is, than f h, for fa is equal to 
f h> both being from the same centre ; 
take away the common part fg; there- 
fore the remainder a g is greater than the 
remainder gh* But ag is equal to g d; 
therefore g d is greater than g ]i, the less 
than the greater,, which is impossible. 
Therefore the straight Hue which joins the points £ g oannot fall other- 
vise thiw upon the point ai that is, it must pass through it Therefore* 
if two oircdee^ 4q. Q. £!. D. 




FRQP08ITZ0N XII. — TaEOEEJI, 

Iftvyo circles tovch each other externally ^ the straight line which joins their 
, centres shaM pass throii>gh the point o/ contact. 

Let the two drcles abc? ado touch each other externally in the point 
a; and let f be the centre of the circle abc» aud g the centre of ade- 
The straight line which j;oin& the points £ g shall pass through the point 
of contact a> 

For, if not, let it pass other^ 
wise, if possible, as f c d gy and join 
fa* ag* -^d because f is the 
centre of the carcle abc^ af is 
equal to f o Abo, because g ia 
the centre of the circle a d 6> a g 
is equal to gd« Therefore fa» 
ag are equaito fc dgj where- 
fore the whole fg is greater 
than fa) a g- But it is also less 
(i. 20J ; which is impossible. Therefbre the straight line which joins 
the p(^Bta £ g shall not pass otherwise than through the point of 
contact a* that is, it must pass througli lit. Therefore^ if two circles, 
<kQ. Q. £. D. 
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Pkoposition XIII. — Theobem. 

One cvrde camwt touch cmother in morepoirUs them one, whether it touches 

it on the inside or outside. 

For, if it be possible, let the circle ebf touch tbe circle abc in more 
points than one, and first on the inside, in the points b, d; join bd, and 
draw (i. 10, 11) gh bisecting bd at right angles. Therefore, because 





the points b, d are in the circumference of each of the circles, the straight 
line bd falls within each of them (iii. 2): and their centres are in the 
straight line gh which bisects b d at right angles (iii. 1. Cor.). Therefore 
ffh passes through the point of contact (iii. 11); but it does not pass 
through it, because the points b, d are without the straight line gh, 
which is absurd. Therefore one circle cannot touch another on the in- 
side in more points than one. 

Nor can two circles touch one another on the outside in more than 
one point; for, if it be possible, let the circle ack touch the circle abc 

in the points a, C, and join ac- Therefore, because 
the two points a> C> are in the circumference of the' 
circle acfc the straight line ac which joins them 
shall fall within the circle ack (iii. 2). And the 
circle a C k is without the circle ab C ; and therefore 
the straight line a C is without this last circle ; but 
because the points a> C are in the circumference of 
the circle aba the straight line ac must be within 
(iii. 2) the same circle, which is absurd. Therefore 
one circle cannot touch another on the outside in- 
more than one point. And it has been shewn that 
b they cannot touch on the inside in more points than 
one. Therefore, one circle, <kc. Q. E. D. 




Proposition XIV. — Theobeh. 

Uqual straight Unes in a circle a/re ecpwlhf distamtfrom the cmtre, amd those, 
which are equally distamifrom the centre a/re equal to one another. 

Let the straight lines ab, cd^ in the circle abdc be equal to one' 
another, they are equally distant from the centre. 
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Take e the centre of the circle abdc? ^^^ ^^^ ^t draw ef, eg, per- 
pendiculars to a b) C d- Then, because the straight line e £ passing through 
the centre, cuts the straight line ab* which does 
not pass through the centre, at right angles, it also 
bisects it (iii. 3) ; wherefore a f is equal to f bj and 
ab double of af* For the same reason, cd is 
double of c g ; and a b is equal to c d j therefore 
a f is equal to c g* And because a 6 is equal to e C, 
the square of a 6 is equal to the square of e C ; hut 
the squares of a£ f 6? ^^^ equal (i. 47) to the square 
of a e? because the angle a f 6 is a right angle ; and, 
for the like reason, the squares ofeg^gc, are equal 
to the square of e C j therefore the squares of a £ 
f e, are equal to the squares of cg^j ffe> of which the square of a f is equal 
to the square of eg, because af is equal to eg; therefore the remaining 
square of f e is equal to the remaining square of e g, and the straight line 
e f is therefore equal to e g. But straight lines in a circle are said to be 
equally distant from the centre, when the perpendiculars drawn to them 
from the centre are equal (iii. def, 4). Therefore ab> C d must be equally 
distant from the centre. 

Next, if the straight lines ab, cd he equally distant from the centre, 
that is, if f e be equal to e g j ab is equal to e d- For, the same construe* 
tion being made, it may, as before, be demonstrated, that ab is double 
of a£ and ed double of eg, a^^d that the squares of e£ fa are equal 
to the squares of eg, gC j of which the square of f e is equal to the square 
of e g, because f e is equal to e g ; therefore the remaining square of a f is 
equal to the remaining square of eg J and the straight line af is therefore 
equal to eg: and a bis double of afi and ed double of eg J wherefore 
ab is equal to ei Therefore equal straight lines, &c. Q. E. D, 



Proposition XV. — Theorem. 

The diameter is the greatest straight line m a circle, cmd of aU oth£rs tJuU 
which is nea/rer to the centre is always greater than one more remote, 
and the greater is n^ea/rer to the centre than the less. 

Let abed be a circle, of which the 
diameter is a d? and the centre e ; and let 
b e be nearer to the centre than f g ; ad 
is greater than any straight line b C, which 
is not a diameter, and b C greater than f g. 
From the centre e, draw eh, ek, per- 
pendiculars to b C, f g, and join e b^ 6 C? of ; 
and because a e is equal to e b, and e d to 

ec, ad is equal to eb, ec; hut eb, ec 

are greater than b C (i« 20) ; wherefore, also, 
ad is greater than bc* 

And, because b C is nearer to the centre 
than fg, eh is less (iii. def. 5) than ek. 
But, as was demonstrated in the preceding, 
b^e is double of b t and f g double of f fc 
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an4 the squares of ehi hb are equal to the squares of ekk£ of which the 
pquare of eh is leas than the square of ek heoause eh is less than ek; 
therefore the square of bh is greater than the square of fk, and the 
straight line j) Ix gi'eater than f h^ ai^d therefore bo is greater than f g. 

Next, let b C he greater than f g ; b is nearer to the centre than f g, 
that is, the same construction heing made, eh is less than ek* Because 
b C is greater than f g, b h likewise is greater than f k j and the squares 
of b h; h e are equal to the squares of f k> k 0y of which the square of b h 
is greater than the square of ffn, hecause b h is greater than f k ; th^e- 
fbre the square of eh is less than the square of ek and the straight line 
eh less than ek* Wherefore the diameter, <&c> Q. E. D. 






Propositiok XVI. — ^Theorem. 

The straight Une drawn at righi (mglm ta the diameter of a tipde,from the 
eoBtrem^y of U, faUa wvthovi, the oH/irde ; a/nd no straight U/ne ocm he 
dravm between that straight Une and the cwcwmference from the ex- 
tremity, so cut not to cut the circle^ or, which is the same thing^, no 
straight line cam, mak& so greaJt am aoule angle with the dioffneter a4 its 
eostr&mJty, or so small ann angbe with the straight Une which is aS right 
qmgks toit, w not iaeul,^ drde. 

J^iE^ abc he a circle^ the centre of which is d> 93id the diameter ^b - the 
straight Un^ drawipi at right angles to ab fi'om its extremitj %^ shall fall 

without the circle. 

For, if it does not, let it fall, if possible, 
within the circle, as a Cy and draw d C to the 
point c where it meets the circumference. And 
hecause ddr is equal to dc^ the angle dac is 
equal (i. 5) to the angle a C d j hut d a C is a 
right angle, therefore a C d is a right an^e, and 
the angles dac> acd are therefore equal to 
two right angles, which is impossible (i. 17). 
Therefore the straight line drawn from a at 
right angles to b B» doea not fall within the circle. In the same manner 
it may be demonstrated, that it does not fall upon the circumference j 
therefore it must fall without the circle as a Qt* 

And between the straight line ao and the 
® circumference, no straight line can be drawn 
from the point a which does not cut the circle. 
For, if possible, let fa be between them^ and 
from the point d, draw (i, 1^) dff perpendicular 
to f a» and let it meet the circumference in h > 
and because a g d is a right an^e, and dag less 
]^ (i, 17) than a right angle, da is greater (i. 19) 
than d ff* ^nt d a i^ equal to d h > therefore 
d h is greater than d g> the less than the greater, 
which is impossible. Therefore no straight linQ 
can be drawn from the point a between a 6 and 
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the circumference, which does not cut the circle ; or, which amounts to 
the same thing, however great an acute angle a straight line makes 
with the diameter at the point 2bt of however small an angle it makes 
with a 69 the circumference passes betweeu that straight line and the per- 
pendicular ae- -^i^d this is all that is to be understood, when, in the 
Greek text, and translations from it, the aiigle of the semicircle is said to 
be greater than anv acute rectilineal an^le, and the remaining angle less 
than any rectilineal angle. Q. E. D. 

Cor. From this it is manifest, that the straight line which is drawn at 
right angldl to the diameter of a circle from the extremity of it, touches 
the circle ; and that it touches it only in one point, because if it did meet 
the circle in two, it would fall within it (iii. 2). Also, it is evident that 
thei'e c^ be but one straight line which touches the circle in the same 
poi^t. 



ij ".i: T 



Frovosition XYIL^ttt^Problem. 

To drom a 9traighi Ime Jrom cp given paint, either vrithmU or in the 
cvrcwm/ereTice, which afuiIL t(mch ok gk)in oirole. 

First, let a he a given point without the given circle b C d ; it is required 
to draw a straight line from b» which shall touch the circle. 

Find (iii. 1) the centre e of the circle, and join a 6 i ^>^^ &om the 
centre q, at the distance q a» describe the circle a fg j from the point j, 
draw (i. 11) df at right angles to ea^ ai^d join 
6b£ ab • ab touches the circle bcd* 

J^ecau&e e is the cei^tre of the circles b C 4^ 
Btfg', ea is equal to e£ and ed to eb > there- 
fore the two sides a O? 6 b are equal to the two 
f e^ e d> ^^ ^^^7 contain the angle at e common 
to the two triangles a6b> f ed ^ therefore the 
base df is equal to the base ab > and the tri- 
angle fed to the triangle aeb? and the other 
angles to the other angles (i. 4) : therefove the 
angle e b a ^ equal to the angle e df 9 but e d f 
is a right angle, wherefore eba is a right angle ; and eb is drawn from 
the centre : but a straight line drawn from the extremity of a diametep, 
at ri^t angles to it, touches the circle (iii. 16. cor.) : therefore a b touches 
the circle ; and it is drawn from the giycR point a* Which was to be 
done. 

But. if the given point be in the oireumference of the circle, as the 
point d} draw d e to the centre e» %3kd d f at right angles to d e ; d f touches 
the circle (iii. 16. cor.). 
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Proposition XVIIL — Theobem. 

If a Bi/raHght line touches a circle, the straight line dratonjrom the centre to 
the point of contact shall he perpendicida/r to the line touching the circle. 

Let the straight line de touch the circle abc in the point c j take the 

centre f, and draw the straight line f c ; f C is perpendicular to de- 

For, if it be not, from the pyint f draw 
f b g perpendicular to d 6 ; ai^d because fg q 
is a right angle, gcf (i- 17) is an acute angle ; 
and to the greater angle the greatest (i. 19) 
side is opposite : therefore f c is greater than 
f g ; but f c is equal to f b ; therefore fb is 
greater than fg, the less than the greater^ 
which is impossible : wherefore fg is not per- 
pendicular to d e* Ii^ the same manner it may 
be shewn, that no other is perpendicular to it 

Q C g 6 besides f c, that is, f c is perpendicidar to d e« 

Therefore, if a straight line, <kc. Q. E. D. 




Proposition XIX. — ^Th]eorem. 

jj/'a straight line touches a circle, a/nd from the point of contact a straight 
line be drawn at right a/ngles to the touching line, the centre of the circle 
shall he in that line. 

Let the straight line d 6 touch the circle abc in C ; &nd from c let c E 
be drawn at right angles to d 6 j the centre of the circle is in c a* 

For, if not, let f be the centre, if possible, and 
join cf ; because de touches the circle abc? 
and f c is drawn from the centre to the point of 
contact, fc is perpendicular (iii. 18) to de; 
therefore f c e is a right angle. But a C e is also 
a right angle j therefore the angle fee is equal 
to the angle a C e> the less to the greater, which 
is impossible : wherefore f is not the centre of 
the circle a b C- In the same manner, it may be 
shewn, that no other point which is not in c &» 
is the centre ; that is, the centre is in c a- 
Therefore, if a straight line, &c. Q. E. D. 
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Proposition XX. — ^Theorem. 

The cmgle at the centre of a circle is double of the angle at the drcum/erence 
upon the same base, that is, upon the same part of the drcwmference. 

Let abc ^6 a circle, and bec an angle at the centre, and bac an angle 
at the circumference, which have the same circum- 
ference bc for their base; the angle bec is double 
of the angle b a C- 

First, let e, the centre of the circle, be within the 
angle b a Cj and join a G? and produce it to f : because 
e a is equal to e b? the angle e a b is equal (i. 5) to 
the angle e b a i therefore the angles e a b^ 6 D a are 
double of the angle eab; hut the angle bef is 
equal (i. 32) to the angles eab? 6 b a j therefore 
also the angle bof is double of the angle eab- 
For the same reason, the angle fec is double of 
the angle e a C ^ therefore the whole angle b 6 C is double of the whole 

angle bac. 

Again, let ©, the centre of the circle, be without 

the angle b d C? and join d 6^ and produce it to g, it 
may be demonstrated, as in the first case, that the 
angle ffec is double of the angle g^dc^ and that 
geb) a part of the first, is double of gdbi a part 
of the other ; therefore the remaining angle b 6 C is 
double of the remaining angle b d C* Therefore the 
angle at the centre, &c. Q. E. D. 





Proposition XXI. — Theorem. 

The angles in the same segment of a circle a/re equal to one a/nother. 

Let abed he a circle, and bad> bed angles in the same segment 

b a e d : the angles b a d> bed are equal to one 

another. 

Take f the centre of the circle abed : and, 
first, let the segment baed he greater than a 
semicircle, and join b £ f d • and because the angle 
bfd is at the centre, and the angle bad at the 
circumference, and that they have the same part 
of the circumference, viz. bed for their base ; 
therefore the angle b f d is double (iii. 20) of the 
angle bad* ^or the same reason, the angle b f d 
is double of the angle bed: therefore the angle 
bad is equal to the angle bed* 
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But if the segment baed be not 
greater than a semicircle, let b a d^ b 6 d 
be angles in it ; these also are equal to 
one another : draw a f to the centre, and 
produce it to c? and join 06 • therefore 
the segment bade is greater than a 
semicircle ; and the angles in it b a C 
b 6 C ftre equal, by the first cas^ : for the 
same reason, because cb^d is greater 
than a s^aicircle, the angles C a d? C 6 d? 
are equal : therefore the whole angle 
b a d is equal to the whole angle b (3 d- 
Wherefojie the angles m the samd seg- 
ment, &c. Q. E. D. 



PHbPOgtTlON XXtl^TriEOBEM. 

The opposite cmgles of any qyadnlateralfigiMre described m a circle or« 

together equal to tvio right (mgles. 

Let ab C d be a quadrilateral figure in the circle a b C d ; any two o^ its 
opposite angles are together equal to two right angles. 

Join a C> b d ; and because the three angles of every triangle a!te «qual 
(i. 32) to two right angles, the three angles of the trialigle C a b, vii. the 

angles c a b? a b a b C a» afe equkl to two tight 
angles : but the angle cab is eqtlal (iii. 21) to 
the angle c d bj because they art in the satue seg- 
ment b a d a and the angle aC b is equal to the 
angle a d b, because they are in the same segment 
a d C b : therefore the whole angle a d C is equal 
to the angles c a b^ a C b '• to each of these equals 
add the angle a b C ; therefore the angles a b Cj 
C a b; b C a are equal to the angles a b C> a d C- 
But abCy Cab» bca» are equal to two right 
angles ; therefore also the angles a b C, a d C, are equal to two right 
angles. In the same manner, the angles bad, dcb? may be shewn to 
be equal to two right angles. Therefore the opposite angles, &c. Q. E. D. 




Peoposition XXIII. — Theorem. 

Upon the same straight line and upon the sam^ side of it, th»rt ea/nnat he 
two similar' segmmts ofcvrcles not coincidmg ijoim one (mother. 

If it be possible, let the two similar segments of 
circles, viz. a C b> a d b be upon the same side of the 
same straight line ab> not coinciding with one an- 
other. Then because the circle a C b cuts the circle 
adb in the two poietts a» b they cannot cut one 
^ anotibier i& any other point (iii. 10). One of the 
" segments must therefore faU within the other. 
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I^ acb ^aU within a dby &nd draw the straight line b C d» ^^^ j<Hn c a^ 
da. And because the segment acb i^ simihur to the segment ad by ^^^ 
that similar segments of circles contain (iii. def, 11) equal angles ; the angle 
acb is equal to the angle adb^ the exterior to the interior, which is fin- 
possible (i. 16). Therefore there cannot be two similar segments of a oirele 
upon the same side of the same line, which do not coincide. Q. K D. 



Proposition XXIV. — Theorem. 

iSinvUar eegmenis o/cvrdes upon equcA strongM U/nea are e^wl to one 

mtothef. 

Let aeb> cfd ^^ similar segments of circles upon the equal straight 
lines ab> cd; the segment aob is equal to the segment ofd. 

For if the segment a 6 b 
be applied to the segment 
f di BO as the point a be on 
C, and the straight line ab 
upon c d} the point b shall 
coincide with the point d> 
because ab is equal to cd* Therefore the straight line ab coinciding 
with cd^ the segment aob must (iii. 23) coincide with the segment cfdi 
a&d therefore b equal to it. Wherefore similar segments, &c, Q. E. D. 





PhOPOSITTON XXV. — PROSLElf. 

A segmeffii of a d/rdk hevng given, to describe the cwvle o/tohich U ie the 

segment. 

L£T abc he the given segment of a circle; it is required to describe the 
circle of which it is the segment. 

Bisect (i. 10) ac in d> and from the point d draw(i. 11) db at right 
angles to a C> and join a b* First, let the angles a b d; b a d' be equal to one 
another ; then the straight line b d is equal (i. 6) to d &» and therefore to 
dc; and because the three straight lines da^ db» dc> are all equal, d 
is the centre of the circle (iii. 9). From the centre d* at the distance of 
any of the three da^ db> dc? describe a circle; this shall pass through 
the other points ; and the circle of which a b C is a segment is described. 
And because the centre d is in ac? the segment abc is a semicircle. 





But if the angles ab d^ bad are not equal to one another, at t^ point 
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a^ in the straight line ab> make (i. 23) the angle bae equal to the angle 
abcb &nd produce bd> i^ necessary, to e* and join ec- And because the 
angle abe is equal to the angle bae> the straight line be is equal (i. 6) 
to ea* And because ad is equal to dc? and do common to the tri< 
angles a d e^ C d 6? the two sides a d; d 6 are equal to the two c d; d e> 
each to each ; and the angle a d 6 is equal to the angle c d e> ^or each 
of them is a right angle ; therefore the base' a 6 is equal (i. 4) to the 
base e C ' hut a 6 was shewn to be equal to e b? wherefore also b 6 is equal 
to e C' And the three straight lines a e^ 6 b> 6 C are therefore equal to* 
one another; wherefore (iii. 9) e is the centre of the circle. From the 
centre e^ at the distance of any of the three a 6) 6 b? 6 C> describe a circle, 
this shall pass through the other points ; and the circle of which a b C is 
a segment is described. And it is evident that if the angle abd be 
greater than the angle b a d> the centre e falls without the segment a b C, 
which therefore is less than a semicircle. But if the angle a b d be less 
than bad} the centre e falls within the segment abc> which is there- 
fore greater than a semicircle. Wherefore, a segment of a circle being 
given, the circle is described of which it is a segment. Which was to be 
done. 



Pboposition XXVI. — Theorem. 

In eqaal drdea, equxd cmglea stomd wpon equal drawmferefricea, whether they 

he at the cefrvl/res or drcfumferences. 

Let abc> def be equal circles, and the equal angles bgC* ehf at their 
centres, and b a C> 6 d f at their circumferences. The circumference b k C 
is equal to the circumference e 1 f • 

Join bCj ef; and because the circles abc^ de£ are equal, the straight 
lines drawn from their centres are equal. Therefore the two sides b gj g C^ 
are equal to the two elb h£ and the angle at g is equal to the angle at 

a 





h ; therefore the base b C is equal (i. 4) to the base e £ And because the 
angle at a is equal to the angle at d; the segment bac is similar 
(iii. def. 11) to the segment edf; and they are upon equal straight 
lines b Cy e £ ^^t similar segments of circles upon equal straight lines 
are equal (iii. 24) to one another ; therefore the segment b a C is equal to 
the segment edf But the whole circle abc is equal to the whole def; 
therefore the remaining segment b k C is equal to the remaining segment 
el£ and the circumference bkc to the circimiference elf Wherefore, 
in equal circles, dec. Q. E. D. 
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Pboposition XXVII. — Theorem. 

In equal cirdeSy the cmglea which stcmd upon equal drcu/mferencea a/re equal 
to one offufther, whetiier they he at the oemJt/res or drcwn^erencea. 

Let the angles bgC? ehf &t the centres, and bac^ odf at the circum- 
ferences of the equal circles abc> de£ stand upon the equal circum- 
ferences be? ef ^he angle bgC is equal to the angle eh£ and the 
angle b a C to the angle e d £ 

If the angle b g C he equal to the angle e h £ it is manifest (iii. 20) 
that the angle bac is also equal to ed£ But if not, one of them is 
the greater. Let b g c he the greater, and at the point g, in^ the straight 
line bg? make (i. 23) the angle bgk equal to the angle ehfj but equal 





angles stand upon equal circumferences (iii. 26), when they are at 
the centre; therefore the circumference bk is equal to the circumference 
e£ But ef is equal to bcj therefore also bk is equal to bc^ .^e less 
to the greater, which is impossible. Therefore the angle b gC is not 
unequal to the angle e h f j that is, it is equal to it. And the angle at a 
is half of the angle bgC> and the angle at d half of the angle ehf* there- 
fore the angle at a is equal to the angle at d. Wherefore, in equal 
circles, <kc. Q. E. D, 



Proposition XXVIII. — Theorem. 

In eqwd circles, equal straight Imes cut off equal circumferences, the greater 

equal to the greater, and the less to the less. 

Let abC) def be equal circles^ and bc^ ef equal straight lines in them, 
which cut off the two greater circumferences baCj ed£ and the two less 
bgC) 6hf; the greater bac is equal to the greater ed£ and the less 
bgC to the less ehf 

Take (i. 3) k, 1, the centres 
of the circles, and join b k> k C> 
el 1£ And because the cir- 
cles are equal, the straight lines 
from their centres are equal t 
therefore b k> k C are equal to 
e 1 1 f ; and the base b C is equal 
to the base ef; therefore the 
angle bkc is equal (i. 8) to 





66 THE ELEMEirrS OP EnCLID. ' 

the angle elf* But equal angles stand upon equal (iii. 26) circumferences, 
when they are at the centres; therefore the circumference bg^C is equal 
to the circumference eh£ But the whole circle abc is. equal to the 
whole edf; the remaining part therefore of the circumference, viz. baC> 
is equal to the remaining part edf* Therefore, in equal circles, &c. 
Q. E. D. 



Proposition XXIX. — ^Theorem. 

In equal drdes equal circumferences are. subtended hy equal straight lines. 

Let abc> def he equal circles, and- let the circumferences bgC? ehf 
also be equal ; and join b C? e f* The straight line b C is equal to the 

- straight line e f 

A..^ Take (i. 3) k L the centres 

of the circles, and join b k> k C> 
e 1 1 f • And because the circum- 
ference bfi^C is equal to the cir- 
cumference eh£ the angle bkc 
is equal (iii. 27) to the angle elf* 
And because the circles abc? 
g ^** — — --^ d e f are equal, the straight lines 

1- from their centres are equal. 

Therefore bfc kc are equal to el, 1£ and they contain equal angles : 
therefore the base b C is equal (i. 4) to the base e f« Therefore, in equal 
circles, &c. Q. E. D. 





Proposition XXX. — Problem. 
To bisect a given cvrcwmference ; thai is,- to divide it into tvoo equal pa/rtSm 

Let a d b he the given circumference ; it is required to bisect it. 

Join ab and bisect (i. 10) it in c; ^tqtel the point c ^^"^ cd at right 

angles to ab» and join ad^ db* The circumference adb is bisected in 

the point d* 

Because ac is equal to cb> and cd common to the triangles acd^ 

bed, the two sides ac> cd are equal to the two 
be, cd; and the angle acd is equal to the angle 
bed* because each of them is a right angle : 
therefore the base ad is equal (i. 4) to the base 
b d. But equal straight lines cut off equal (iii. 28) 
circumferences, the greater equal to the greater, 
and the less to the less, and ad, db are each of 

them less than a semicircle ; because e d passes through the centre (i. 3. 

cor.y "Wherefore the circumference a d is equal to the circumference db- 

Therefore the given circumference is bisected in d* Which was to bd 

done. 
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. . Proposition XXXI. — Theorem. 

In a <^cle, the cmgle m a semicircle is a right cmgle; hd the angle in a seg- 
meTii greater than fi semicvrde is less tJiam, a right a/ngle; cmd the amgle in 
a segment less thorn, a semicircle is greater tham a right angU, 

Let abed ^6 a circle, of which the diameter is bc> and centre e; ^^^ 
draw c % dividing the circle into the segments a b C» a d C> an<i join b a» 
ad^ dc; the angle in the semicircle bac is a right angle ; and the angle 
in the segment abCj which is greater than a semicircle, is less than a 
Hght angle; and the angle in the segment adc^ which is less than a 
semicircle, is greater than a right angle. 

Join a 6) and produce b a to f. And because b 6 is equal to e a? the 
angle eab is equal (i. 5) to eba; also, because a 6 is equal to ec? the 
angle eac is equal to eca; wherefore the 
whole angle bac is equal to the two angles 
JlbCj acb. But fac> the exterior angle of 
the triangle abc> is equal (i.* 32) to the two 
angles abCj acbj therefore the angle bac is 
equal to the angle fac> and each of them is 
therefore a right angle (i. def. 10). Wherefore 
the angle b a C iii a semicircle is a right angle. 

And because the two angles a b Cj b a C of yA 
the triangle abc are together less (i. 17) than 
two right angles, and that b a C is a right angle, 
abc niust be less than a right angle; and 
therefore the angle in a segment abc greater 
than a semicircle, is less than a right angle. 

And because ab C d is a quadrilateral figure in a circle, any two of its 
opposite angles are equal (iii. 22) to two right angles : therefore the angles 
abC) ado are equal to two right angles ; and abc is less than a right 
angle ; wherefore the other a d C is greater than a right angle. 

Besides, it is manifest that the circumference of the greater segment 
abc falls without the right angle cab; hut the circumference of the less 
segment a d C falls within the right angle c a f And this is all that is 
meant, when in the Greek text, and the translations from it, the angle of 
the greater segment is said to be greater, and the angle of the less seg- 
ment is said to be less, than a right angle. 

Cor. From this it is manifest that if one angle of a triangle be equal 
to the other two it is a right angle, because the angle adjacent to it is 
equal to the same two ; and when the adjacent angles are equal they are 
right angles. 
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Proposition XXXII. — ^Theobem. 

If a Bt/raHgU line touches a circle^ cmdfrom the poirU of corUctct a straigM 
line be dra/um cuUing the cirde, the cmgles made by this Ime with ths line 
Umching the cirde shall he equal to the cmgles wh^ih are m the aUermOe 
segmeTUs of the cvrcle* 

Let the straight line ef touch the circle abcd in b, and from the point 
b let the straight line bd be drawn, cutting the circle. The angles 
which b d makes with the touching line e f shall be equal to the angles 
in the alternate segments of the circle : that is, the angle f b d is equal to 
the angle which is in the segment dab, and the angle db 6 to the angle 
in the segment b C d. 

From the point b draw (i. 11) b a at right angles to e£ and take any 
point c in the circumference bd, and join ad, dc, cb; and because the 

straight line e f touches the circle a b C d m 
the point b, and b a is drawn at right angles 
to the touching line from the point of contact 
b, the centre of the circle is in b a (iii. 19) ; 
therefore the angle adb in a semicircle is a 
right (iii. 31) angle, and consequently the 
other two angles bad, abd are equal (i. 32) 
to a right angle. But a b f is likewise a right 
angle : therefore the angle abf is equal to the 
angles bad, abd- Take from these equals 
the common angle abd; therefore the remain- 
ing angle dbf is equal to the angle bad, 
which is in the alternate segment of the circle ; and because abcd is a 
quadrilateral figure in a circle, the opposite angles bad, bcd are equal 
to two right angles (iii. 23) : therefore the angles dbf, d be, being like- 
wise equal (i. 13) to two right angles, are equal to the angles bad, bcd: 
and do f bas been proved equal to bad- Therefore the remaining angle 
dbe is equal to the angle bcd in the alternate segment of the circle. 
Wherefore, if a straight Hne, &c. Q. E. D. 




Proposition XXXIII. — Problem. 

Upon a given straight Une to describe a segment of a drde containing 
an offigle equal to a given rectilineal angle. 

Let a b be the given straight line, and the angle at c the given recti- 
lineal angle ; it is required to describe upon the given straight line a b a 

segment of a circle, containing an angle equal 

to the angle c- 

First, let the angle at c be a right angle, and 

bisect (i. 10) ab in £ and from the centre £ at 
_ the distance fb, describe the semicircle ahb ; 
b therefore the angle ahb in a semicircle is 

(iii. 31) equal to the right angle at a 

But if the angle c be not a right angle, at the point a, m the straignt 
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line ab) make (i. 23) the angle bad 
equal to the angle (^ and from the point 
a draw (i. 11) a 6 at right angles to 
ad ; bisect (i. .10) ab in £ and from 
f draw (i. 11) fg at right angles to ab^ 
and join g b • and because a f is equal 
to f by and f fi^ common to the triangles 
afg> hfgf uie two sides a£ fg cu% 
equal to the two b£ f g j and the angle 
afg is equal to the angle bfg ; there- 
fore the base ag is equal (i. 4) to the 
base gb : and the circle described from 
the centre g, at the distance ga» shall pass through the point b i ^^t this 
be the circle a h b • and because from the 
point a» the extremity of the diameter a 69 
a d is drawn at right angles to a 6) there- 
fore ad (iii. 16. cor,) touches the circle; 
and because ab drawn from the point of 
contact a cuts the circle, the angle dab is 
equal to the angle in the alternate segment 
ah'b (iii* 32) : but the angle dab is equal 
to the angle 0, therefore also the angle c is 
equal to the angle in the segment ah b ^ 
wherefore upon the given straight line a b 

the segment ah b of a circle is described, which contains an angle equal 
to the giyen angle at c- Which was to be done. 




Pbopositign XXXIV. — ^Pboblkm. 

To cut off a segment from a given circle, which tihaU oorUxmh cm angle equal 

to a given rectiUned omgU. 

Let abc be the giyen circle, and d the given rectilineal angle ; it is re-> 
quired to cut off a segment from the circle abc that shall contain an angle 
equal to the given angle d* 

Draw (iii. 17) the straight line e f touching the circle ab C in the point 
b) and at the point b^ in the straight line 
b£ make (i. 23) the angle fbc equal 
to the angle d : therefore, because the 
straight line ef touches the circle abc> 
and b C is drawn from the point of con- 
tact by the angle f b C is equal (iii. 32) 
to the angle in the alternate segment 
bac of the circle : but the angle f b C is 
equal to the angle d : therefore the angle 
in the segment b a C is equal to the angle 
d : wherefore the segment baC is cut 
off frY>m the giyen circle a b C^ containing an angle equal to the given angle 
d. Which was to be done. 
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Pboposition XXXV. — ^Theorem. 

If two st/roAght lines wUMn a circle cut one an^otker, the rectcmgle contained 
by the segmefrUs of one of them is equal to the rectcmgle contained by the 
segments of the other. 

Let the two straight lines aCi b(L within the circle abccb cut one an- 
other in the point e j the rectangle contained by a 6^ 
e C is equal to the rectangle contained by b Q; 6 d* 

If a Cy b d pass each of them through the centre, so 
that e is the centre, it is evident that ae? 6C> bO; od 
being all equal, the rectangle a e> 6 C; is likewise equal 
to the rectangle b Q; 6 d* 

But let one of them bd P^s through the centre, and 

cut the other a C which does not pass through the centre, 

at right angles, in the point e : then, if b d be bisected in £ f is the centre 

of the circle abcd; join af And because bd^ which passes through 

the centre, cuts the straight line a Cf which does 
not pass through the centre, at right angles in 
6 i a 07 6 C ai'e equal (iii. 3) to one another : and 
because the straight line bd is cut into two 
equal parts in the point £ and' into two unequal 
in the point ^ the rectangle bO) od? togetiier, 
with the square of e£ is equal (ii. 5) to the 
square of f b ; that is, to the square of f a : but 
the squares of a 69 6 £ ^^c equal (i. 47) to the 
square of f a : therefore the rectangle bdy ed> 
together with the square of e £ is equal to the 
squares of 'a 69 ef ^ take away the common 
square of e £ and the remaining rectangle b 6) 6 d is equal to the remain- 
ing square of a 6 ; that is, to the rectangle ae^ 6 C- 

Next, let bd> which passes through the centre, cut .the other ac> 
which does not pass through the centre, in ^ but not at right angles : 
then, as before, if b d be bisected in £ f is the centre of the circle. Join 
a£ and from f draw (i. 12) fg perpendicular to aCj therefore ag iB 
equal (iii. 3) to g c ; wherefore the rectangle a 69 6 C? together with the= 
square of e g*, is equal (ii. 5) to the square oi ^g : to each of these equals^ 

add the square of gf ; therefore the rectangle 
ae> eC) together with the squares of eg> g£ is 
equal to the squares of^Sigf: but the squares 
of eg) g£ are equal (i. 47) to the square of ef ; 
and llie squares of ag? St ^c equal to the 
square of af • therefore the rectangle ae» ec^ 
together with the square of e£ is equal to the 
square of af ; that is, to the square of f b : but 
the square of f b is equal (ii. 5) to the rectangle 
be^ e d) together with the square of ef ; there- 
fore the rectangle ae^ ea together with the square of e£ is equal to the 
rectangle b 6? 6 d^ together with the square of e f : take away the common 
square of e £ and the remaiaing reotangle a 09 6 C> is therefore equal to the- 
remaining rectangle b e> 6 d* 
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Lastly, let neither of the straight lines ac> 
b d pAss through the centre : take the centre £ 
and through e^ the intersection of the straight 
lines aCy db? draw the -diameter gefh: and 
because the rectangle a 6) 6C9 is equal, as has 
been shewn, to the rectangle go, eh ; and, for 
the same reason, the rectangle b 6? 6 d is equal to 
the same rectangle ge, eh ; therefore the rect- 
t^g^e ae? ec is equal to the rectangle be^ Bir 
Wherefore, if two straight lines, &c^ Q. E. D. 




Proposition XXXVI. — ^Theorem, 

If from (my point wUhoitt a circle two straight lines he draum, one ofvM/ch 
cuts itvR cvrde, and the other touches it, the rectomgle contained hy the 
whole line which cuts the circle, a/nd the part of it without the drde, shall 
be equal to the squcvre of the line which touches it. 

Let d be any point without the circle a b C? &i^d d C a>Id b two straight lines 
drawn from it, of which d C a cuts the circle, and d D touches the same 1 
the rectangle a d^ dc is equal to the square of db* 

Either d C a passes through the centre, or it does not; first, let it pass 
through the centre e> ^^^ join ebi therefore the ^ 

angle e b d is a right (iii. 18) angle ; and because 
the straight line ac is bisected in e^ ^siA produced 
to the point d? the rectangle a d? d C> together with 
the square of e Q, is equal (ii. 6) to the square of 
e d? and c 6 is equal to e b ^ therefore the rectangle 
ft d» d C) together with the square of eb» is equal to V 
the square of e d* But the square of e d is equal 
(i. 47) to the squares of ehy bd) because ebd is a 
right angle : therefore the rectangle a d? d C> together 
with the square of eb) is equal to the squares of eb 
b d- Take away the common square of eb ; there^ 
fore the remaining rectangle ad* dc^ is equal to 
the square of the tangent d b- ft 

But if dca does not pass through the centre of the circle abC; take 
iii. 1) the centre e^ ai^d draw ef perpendicular 
i. 12) to ac> an<l join eb? eCi od : aiid because 
the straight line e£ which passes through the 
centre, cuts the straight line a Cy which does not 
pass through the centre, at right angles, it shall 
likewise bisect (iii. 3) it; therefore af is equal 
to fc: and because the straight line ac is bi* 
sected in £ and produced to d? the rectangle a d» 
d C9 together with the square of f c is equal (iL 6) 
to the square of f d- To each of these equals add 
the square of f e ; theretore the rectangle a d) d C? 
together with the squares of c£ f dy is equal to the . 
squares of d£ f 6 i but the square of e d is equal 
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(i. 47) to the squares of d£ fe, because efd is a right angle : and the 
square ofecis equal to the squares of c£fe; therefore the rectangle 
a d> d C> together with the square of e C? is equal to the square of e d - 
and c 6 is equal to e b i therefore the rectangle a d^ d C> together with the 

square of e 1^ is equal to the square of e d ; hut the 
squares of eb) bd ^t^^ equal to the square (i. 47) 
of e d> because e b d is a right angle ; therefore the 
reetimgle a d^ d C> together with the square of eby 
is equal to the squares of « b? b d* ^^^ awaj the 
common square of ebj therefore the remaining 
rectangle ad? dc is equal to the square of db* 
Wherefore, if from any point, &c Q. E. D. 

Cor. If from any point without a circle, there 
be drawn two straight lines cutting it, as a b> a C^ 
the rectangles contained by the whole lines, and the 
X parts of them without the circle, are equal to one 
another, yiz. the rectangle ba» ao? to the rectangle 
C a> a f : for each of them is equsd to the square of 
the straight line a ds which touches the cirde. 




, Proposition XXXVIL — Theorem. 

If from a point without a circle there he drawn two st^ra/igM Unea, one of 
which cuts the circle, cmd the other rneeta it; cmd if the rectangle contained 
by the whole Une which cuts the circle, annd the part of it without the drde, 
he eqwd to th^ sqwvre of the line which meets it, the Une which meets shaH 
touch the cirde. 

Let any point d be taken without the circle aba ^^'^ fr^ni i* ^®* ^^^ 
straight lines dca and db be drawn, of which dca cuts the circle, and 
db meets it; if the rectangle ad« dc be equal to the square of db; db 
touches the circle. 

Draw (iii. 17) the straight line de touching the circle aba ^^d its 
centre £ and join fe, fb, f d; then fed is a right (iii. 18) angle : and 
because d e touches the circle aba and dca cuts it, the rectangle a d, 

dc is equal (iii. 36) to the square of de : but the 
rectangle acL dc is^ by hypothesis, equal to the 
square of db « therefore the square of d 6 is equal 
to the square of db; and the strai^t line dd 
equal to the straight line db j and f e is equal to 
fb) wherefore da 6 fare equal to db bf) and 
the base f d is common to the two triangles de£ 
dbf; therefore the angle def is equal (i. 8) to 
the angle dbf; but def is a right angle, there- 
fore also db f i<3 A right angle : and f b^ if produced, 
is a diameter ; and the straight line which is drawn 
at right angles to a diameter, from the extremity 
of it, touches (iii. 16) the circle: therefore bd 
touches the circle abc* Wherefore, if from a 
point, &c. Q. E. D. 




73 



EXERCISES ON BOOK IIL 



Sect. I. — ^Problems. 

1. Given a circle, a square, and a point without the circle, to draw 
from tiie point a straight line cutting the circle, such that the rectangle con- 
tained bj the part of the line within, and the part without the circle, shall 
be equal to the given square. 

2. Given a circle and a point within it which is not the centre, to 
draw through that point a chord which will be bisected in the point. 

3. Given a circle with its diameter produced to a given point, to find 
in the part produced a point, such that if a tangent be drawn from it to 
the circle, the tangent shall be equal to the part of the produced diameter 
lying between the point and the given point 

4. GiveA a circle with the diameter produced and a straight line, to 
draw a tangent from the diameter produced to the circle, equal to the given 
straight line. 

5. Given two circles, to draw a straight line which shall touch them. 

6. Given the vertical angle, the altitude and the sum of the three 
sides of a triangle, to construct the triangle. 

7. Given the vertical angle, the altitude and the base of a triang}e, 
to construct the triangle. 

8. Given a segment of a circle and a straight line, to describe on 
the line another segment of a circle which shall be similar to the given 
segment. 

9. Given a point, a straight line, and a point in the line, ta describe 
a circle which shall «pass through the first point, and touch the straight 
line in the other point. 



Sect. II.— Theorems. 

10. The line drawn from the centre of a circle perpendicular to any 
chord is also perpendicular to all chords parallel to the former. 

11. If two parallel chords in a circle are bisected, the bisecting line is 
also perpendicular to them. 

12. If from any two points in the circumference of the greater of two 
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concentric circles^ chords are drawn so as to touch the circumference of 
the lesser circle, these chords shall be equal. 

13. If two parallel chords are drawn in a circle, the arcs intercepted 
between their extremities shall be equal 

14. If any point be taken without a circle, there cannot be drawn 
from that point more than two equal straight lines to touch the circumfer- 
ence of the circle. 

15. If an equilateral triangle be inscribed in a circle, and from a point 
in the circumference straight lines be drawn to the three angles of the tri- 
angle, the greatest of these lines is equal to the sum of the other two. 

16. If a quadrilateral be described about a circle, the angles sub* 
tended bj any two opposite sides of the figure at the centre of the circle 
shall be equal to two right angles. 

17. If two circles cut each other, the straight line which joins their 
centres will bisect the straight line which joins the points of intersection. 
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BOOK IV. 



DEFINITIONS. 



I. A BECTILINEAL figure is said to be inscribed in another rectilineal 
figure, when all the angles of the inscribed figure are upon the sides of the 
figure in which it is inscribed, each upon each. 

II. In like manner a figure is said to be described about another 
figure, when all the sides of the circumscribed figure pass through the 
angular points of the figure about which it is described, each through each. 




Definitions I. and II. 



Ill A rectilineal figure is said to be inscribed in a circle, when all 
the angles of the inscribed figure are upon the circumference of the circle. 




Definition III. 



IV. A rectilineal figure is said to be described about a circle, when each 
side of the circumscribed figure touches the circumference of the circle. 

V. In like manner, a circle is said to be inscribed in a rectihneal figure, 
when the circumference of the circle touches each side of the figure. 




Pefinitiops IV. and Y. 
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YI. A circle is said to be described about a rectilineal figure, when 
the circumference of the circle passes through all the angular points of the 
figure about which it is described. 

YII. A straight line is said to be placed in a circle, when the ex* 
tremities of it are in the circumference of the circle. 




DefiniUons VI. and VII. 



Proposition I. — Pbobleh. 

In a gwen ci/rde to place a straight Une equal to a given straight Ime not 

greater than the dicmieter of the circle. 

Let a b C be the given circle, and d the given straight line, not greater 

than the diameter of the circle. 

Draw be the diameter of the circle abc ; then, if bc is equal to A, 

the thing required is done, for in the circle 
abc a straight line bc ^^ placed equal to 
d j but, if it is not, b C is greater than d I 
make ce equal (i. 3) to d) and from the 
centre C; at the distance Cd describe the 
circle a e£ ai^^ j^ui c a ' therefore, because 
C is the centre of the circle a 6 £ C a is equal 
to c 6 • but d is equal to c 6 ; therefore d is 
equal to c a* Wherefore in the circle a b Cy 

a straight line is placed equal to the given straight line d) which is not 

greater than the diameter of the circle. Which was to be done. 




Proposition II. — Problem. 

In a given drde to inscribe a triangle equiangular to a given triangle. 

Let abc he the given circle, and def the given triangle ; it is required 

to inscribe, in the circle abc a tri- 
angle equiangular to the Iriangle 

def. 

Draw (iii. 17) the straight line 
^ah touching the circle in the 
point a» and at the point a» ^ the 
straight line alb make (i. 23) the 
^^gle bac equal to the angle def i 
and at die point a^ in the straight 
Une ag, make the angle gab equal 
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to the angle dfe» tmd join bc ^ therefore because ha^ touches the circle 
abc> Aiid ac is drawn from the point of contact, the angle h ft C is equal 
(iiL 32) to the angle abc ii^ the alternate segment of the circle; but 
nac is equal to the angle def j therefore also the angle abc is equal 
to d 6 f ^or the same reason, the angle a C b is equal to the angle d f 6 > 
therefore the remaining angle b a C is equal (i. 32) to the remaining angle 
edt' wherefore the triangle abc is equiangular to the triangle d6£ ^^d 
it is inscribed in the circle ab C* Which was to be done. 



Proposition III. — Problem. 
About a given cH/rde to describe a triangle equicmgular to a given tricm^. 

Let abc be the given circle, and def the given triangle; it is required 
to describe a triangle about the circle a b C equiangular to the triangle def* 
Produce e f both ways to the points jg^, b, and find the centre k of the 
circle ab C) &i^d from it draw any straight line k b i &t the point k in the 
straight line kb» make (i. 23) the angle bka equal to the angle deg*^ 
and Sie angle b k C equal to the angle d f h ; and through the points a> Of 
C draw the straight lines laiZl) mblLIlcL touching (iii. 17) the circle 
abc : therefore, because Im, mili nl touch the circle abc in the points 
a» b? Cy to which from 
the centre are drawn 1 

ka,kb,ka the angles 
at the points a» b) C^ 
are right (iii. 18) angles : 
and because the four 
angles of the quadrila- 
teral figure am b k are 
equal to four right 
angles, for it can be 
divided into two tri- 
angles ; and that two 

of them kam, kbm 

are right angles, the other two akb> a mb oi'e equal to two right angles : 
but the angles deg, def are likewise equal (i. 13) to two right angles ; 
therefore the angles akb^ amb are equal to the angles deg^^deC of 
.which, ak bis equal todeg; wherefore* the remaining angle amb is 
equal to the remaining angle def In like manner, the angle In m may 
be demonstrated to be equal to df e ; and therefore the remaining angle 
mln is equal (i. 32) to the remaining angle edf : wherefore the triangle 
Imn is equiangular to the triangle def: and it is described about the 
circle abc« Which was to be done. 
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Pbopo3ition IV. — ^Problem. 

To inscribe a circle in a given triangle. 

Let the given triangle be a b C 3 it is required to inscribe a circle in a b C* 
Bisect (i. 9) the angles ab C) b C a by the straight lines b d) C d meet* 
ing one another in the point i, from which draw (i. 12) d e> d£ d^ Per- 
pendiculars to a b; b C) C a : &nd because the 
angle e b d is equal to the angle f b dj for 
the angle abc is bisected by bd) and that 
the right angle b 6 d is equal to the right 
angle bfi the two triangles ebd> fbd 
have two angles of the one equal to two 
angles of the other, and the side b it which 
is opposite to one of the equal angles in 
each, is common to both ; therefore their 
other sides shall be equal (i. 26) ; where- 
fore de is equal to d£ Por the same 
reason, dg is equal to df ; therefore the 
three straight lines d 6^ d £ igi s^re equal to one another, and the circle 
described from the centre d^ at the distance of any of them, shall pass 
through the extremities of the other two, and touch the straight lines a b» 
b C? C a* Because the angles at the points e^ £ ? ^^^ right angles, and the 
straight line which is drawn from the extremity of a diameter at right 
angles to it, touches (iii. 1 3) the circle : therefore the straight lines a k 
b C? C a do each of them touch the circle, and the circle 6 f g^ is inscribed 
in the triangle ab C* Which was to be done. 




Proposition V. — Problem. 

To describe a circle about a given triangle. 

Let the given triangle be abc ; it is required to describe a circle about 

abc. 

Bisect (i. 10) ab> a C in the points d> e> *^d from these points draw 
d£ ef at right angles (i. 11) to ab» ac; df e£ produced, meet one 
another. For, if they do not meet, they are paridlel, wherefore ab> a0» 
which are at right angles to them, are parallel ; which is absurd. Let 




them meet in £ and join fa ; also if the point f be not in b C> joi^ b £ 
cf : then, because ad is equal to d b> and df common, and at right angles 
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to ab> the base af is equal (i. 4) to the base f b> In like manner, it may 
be shewn that cf is equal to fa; and therefore bf is equal to fc; and 
fa* f b> f C> are equal to one another ; wherefore the circle described from 
the centre £ at the distance of one of them, shall pass through the ex- 
tremities of the other two, and be described about the triangle abc« 
Which was to be done. 

Cor. And it is manifest, that when the centre of the circle falls within 
the triangle, each of its angles is less than a right angle, each of them 
being in a segment greater than a semicircle ; but, when the centre is in 
one of the sides of the triangle, the angle opposite to this side, being in a 
semicircle, is a right angle ; and, if the centre falls without the triangle, 
the angle opposite to the side beyond which it is, being in a segment less 
than a semicircle, is greater than a right angle : wherefore, if the given 
triangle be acute-angled, the centre of the circle falls within it ; if it be a 
right-angled triangle, the centre is in the side opposite to the right angle ; 
and if it be an obtuse-angled triangle, the centre falls without the triangle^ 
beyond the side opposite to the obtuse angle. 



Proposition VI. — Problem. 

To mscribe a squa/re in a given cirde. 

Let abed be the given circle ; it is required to inscribe a square in 

abed. 

Draw the diameters a Ci b d> &t right angles to one another, and join 
ab^bacd^da; because be is equal to ei for e is the centre, and that 
e a is common, and at right angles to b d ; the 
base ba is equal (i. 4) to the base ad; s^nd, 
for the same reason, b 0) C d *r« each of them 
equal to b a> or a d ; therefore the quadrilateral 
figure abed is equilateral. It is also rectan- 
gular ; for the straight line b d^ being the dia- 
meter of the circle a b e d? b a d is a semicircle ; 
wherefore the angle bad is a right (iii. 31) 
angle ; for the same reason, each of the angles 
ab&bed^eda^isa right angle ; therefore 
the quadrilateral figure abed is rectangular, 
and it has been shewn to be equilateral ; therefore it is a square ; and it 
is inscribed in the circle a b C d* Which was to be done. 




Proposition VII. — Problem. 

To deacribenb aqu/ore cfbomt a given drde. 

Let a b e d be the given circle ; it is required to describe a square about it. 
Draw two diameters ac^ b d of the circle abo d> ^t right angles to 
one another, and through the points B» }}, c, A, draw (iii. 17) fg, gli, 
hk k£ touching the circle ; and because fg touches the circle abcd> 
and e a is drawn from the centre e to the point of contact a^ the angles at 
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a are right angles (iii. 18) ; for the same reason, 
the angles at the points l^ a d> are right angles ; 
and because the angle aeb is a right angle, as 
likewise is e b g, g h is parallel (i. 28) to a C ; 
for the same reason ac is parallel to ffc and in 
like manner gf, hk may each of them be de- 
monstrated to be parallel to bed; therefore the 
figures ff k, ff c afc f b, bk are parallelograms ; 
and gf is toerefore equal (i. 34) to hfc and 
gh to fk ; and because ac is equal to bi and 
h. C k. that a C is equal to each of the two g h, f k ; and 

bd to each of the two ff f hk : ?k fk are each 
of them equal to gf or hk; therefore the quaffilateral figure fghk is 
equilateral. It is also rectangular ; for gbea being a parallelogram, and 
aeb a right angle, agb (i- 34) is likewise a right angle. In the same 
manner it may be shewn that the angles at h, k £ are right angles ; there- 
fore the quadrilateral figure f ghk is rectangular, and it was demonstrated 
to be equilateral ; therefore it is a square ; and it is described about the 
circle ab C d* Which was to be done. 
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Pboposition VIII. — ^Problem. 
To inscribe a circle in a given sqyuvre. 

Let a b C d be the given square ; it is required to inscribe a circle in a b C d* 
Bisect (L 10) each of the sides a b^ ad in the points £ e, and through 
6 draw (i. 31) eh parallel to ab or da and through f ^aw f k parallel 
to ad or be ; therefore each of the figures afc kb, ah, hd^ag^gcbg 
g i is a parallelogram, and their opposite sided are equal (i. 34) : and 

because ad is equal to ab, and that a 6 is the 
half of ai and af the half of ab, ae is equal 
to af ; wherefore the sides opposite to these are 
equal, viz. fg to ge; in the same manner it 
may be demonstrated that gh, gk are each of 
them equal to f g or ff e : therefore the four 
straight lines ge> g£ gh, g k are equal to one 
another ; and «ie circle described from the centre 
g at the distance of one of them, shall pass through 
the extremities of the other three, and touch the 
straight lines ab, bc, C d» d a : because the angles 
at the points e, £ h, k, are right (i. 29) angles, and that the straight line 
which is drawn from the extremity of a diameter, at right angles to it, 
touches the circle (iii. 16); therefore each of the straight lines ab, bCy 
cd, da^ touches the circle, which therefore is inscribed in the square 
abed* Which was to be done* 
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Proposition IX. — Pbobleh. 
To describe a circle about a given square. 

Let a b C d l>6 the given square ; it is required to describe a circle about it. 
Join a Cy b d) cutting one another in e ; a^d because d a is equal to a b> 
and ac common to the triangles daCy baCi the two sides da^ ac^ are 
equal to the two ba^ aC; and the base d C is equal 
to the base b C ; wherefore the angle d a C is equal 
(i. 8) to the angle b a C> and the angle d a b is bisected 
by the straight line ac* In the same manner it 
may be demonstrated that the angles a b d b C d) 
C d a ai*e severally bisected by the straight lines b d^ 
a C ; therefore^ because the angle d a b ^^ equal to 
tlie angle abc? and that the angle eab is the half 
of dab^ and eba the half of abc ' ^e angle eab 
is equal to the angle eba; wherefore the side ea is equal (i. 6) to the 
side eb* In the same manner it may be demonstrated that the straight 
lines eC) ed are each of them equal to ea or eb j therefore the four 
straight lines ea> eb> ec> ed^ are equal to one anoth^^Myi the circle 
described from the centre e> at the distance of one <^^|K shall pass 
through the extremities of the other three, and be de^PJNl about the 
square abed* Which was to be done. 




Proposition X. — Problem. 

To describe an isosceles triangle, Jiamng eo/ch of the aT^pp'^^ the hose dovhle 

of the th4^ angle. 

Take any straight line ab? and divide (ii. 11) it in the point o, so that the 
rectangle ab? bc be equal to the square of ca j and from the centre a» at 

.* the distance a b? describe the circle b d e> in which place (iv. 1) the straight 
line b d equal to a (^ which is not greater than the diameter of the circle 
b d e > join d a» d C> and about the triangle a d C describe (iv. 5) the circle 
a C d i the triangle ab d is such as is required, that is, each of the angles 

' ab d? adb is double of the angle bad* 
Because the rectangle ab; bc is equal 

' to the square of ac» and that ac is equal 
to b d? the rectangle a b> b C is equal to 

. the square of b d ; and because from the 

; point b> without the circle acd» two 
straight lines b C a? b d are drawn to the 

• circumference, one of which cuts, and the 
other meets the circle, and that the rect- 
angle a b> b Qy contained by the whole of 
the, cutting line, and the part of it without 

. the circle, is equal to the square of b dy 
which meets it ; . the straight line b d 

' touches (iii. 37) the circle acd ; and be- 

G 
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cause b d touches the circle, and d C is drawn firom the point of contact d« 
the angle b d C is equal {ia. 33) to the angle d ac in the alternate segment 
of the circle ; to each of these add the angle c d a ; therefore the whole angle 
bda is equal to the two angles cda» dac ; htit the exterior angle bcd 
is eqml Ql 32) to 1^ iogles cdfio dac ; therefisre abo bda^ ^nal to 
bl^d ; but bdais equal ^. 5) to the an^e cbdi beosose the side ad is 
equal to the side ab i therefore cbd^ or dba ^s equal to bcd i and ^ooa- 
sequently, the three aDgks bda» dba^ bcdv ore equal to one anothei?; 
and because the an^ dbc ^ 'equal to the angle bcd^ the «ide bd is 
equal (i. 6) to the side d€ ; hut b d "w^fi made equal to ca» thsrefive also 
ca is equal to cd? md the angle cda equal (L 5) to Hbe angle daci 
therefore the angles cAu, dac together^ are doulde of tiie angle dac : 
hot bed is equal to tSie aoigles ^^da* da<^ therelbre also bed is double 
of d a C? and be d is equal to eadbi of the angles bda? dba ; each there- 
fore of the angles bda» dba is double of Hm «ngLe dab» wiieiwfore an 
isosceles triangle abd is desczibed, having each of Hie angles at the base 
double of the thiid angk. Which was to be dona 



PnoposmoN XI. — ^Pbobleh. 
To inscribe cm equilateral a/nd eqtdemgtthr pentoffon in a gwen circle. 

Let abode be the given circle ; it is required to inscribe an equilateral 

and equiangular pentagon in the circle aoede* 

Describe (iv. 10) an isosceles triangle f gh, having each of the angles 

at g, h double of the asagk at f ; and in the circle abede inscribe 

(iv. 2) the tiiangle acd 
equiangular to the tri- 
angle ^gh» so that the 
jBigle cad be equal to 
the angle ab% and each 
of tiieangkB ae& oda 
«qiud to Ite sQgie Jttt £^ 
drii^wherefiBeeadiof 
tiie angles a^d oda 
is denUe «f tbe angle 
€ ad Biaeot (1 9) &e 
angles acd» ^da by 
the 4Blindglit lines e6> 
db; andjeia ab» b& 

de^ ea aibede is 

the pentagon snguzEwi. 
Because each of the angles acdoda is daiible ^of ^oad^ '^A are 
bisected bjthe straight lines <sa db^ ^i>e five ^at^tm dac^ac^ 6Cd 
cdb> bda &i^ equal to one anothinr; but equal ai^lai .stand qpen equal 
circumferences (iii. 26) ; therefore "^e five ^oiim&renioe% ab» 3>'CyCdi 
d a e a <ure equal to one another : and «qnal oirountfereaoas sre Bnhteoded 
by equal straight lines (iii. 29) ; therefore 1^ five straight Iidsb ab» lie» 
O.d da ae 01^ e^ial to one another. Wherefbve the pentagon ab^de 
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iff .eqvilateml. It k i&ho equiaDgukr ; because the ^xcwaolsrence ab ib 
equal to tke droumforeBee ^e ; if to .^ach be Added bciL t^e whole abed 
sfi e^^l to the whole edcl) ' ftod the angle a 6 d stands coi the eircum-- 
fereDiee zhcA, ^uid the angle b a€ <h^ the cirGomf^ence a d C b ; therefore 
ihe mgle b ai6 i^ <equal (iii. 27) to the angle a ed- I^or ihe same reason, 
eaebof the an^bs abiSy bcdr ede ifi equal to the angle baQ» or a.6d; 
therefore the pentcigcai abcde ^ equkiTigular ; and it has been shewn 
that it is equilateral. Wharefore, in the given circle, an eqinlateral and 
^equiangular pentagon has been kmodibed. Which was jbo be 4Qne. 



PilOPOfilTION XII. — PSOBDZH. 

To describe cm equUcUeral and equiangvikMr peiaiaffon about 0, given dirde. 

Let a b C d 6 be the given circle ; it is required to describe an equilateral 
and equiangular pentagon about the circle abcde* 

Let the angles of a pentagon, inscribed in the circle, by the last pro- 
position, be in the points a b) €? & 61 so that the circumferences a b? b & 
Cd» de^ 6 a ^e equal (iy. 11) ; and through the points a b> C> d« 6; draw 
gh> hk kl Im, mgj touching (iii. 17) the circle ; take the centre £ and 
join f b) f ]& f£» f L f d J ^^^ because the straight jyiue kl touches the circle 
ab C d 6 i^ t;he point c> to which f c is drawn from the centre £ f c is per- 
f«&dicular (iiL 18) to kL therefore each of the angles at 4) is a right angle : 
for the same reason, the angles at the points b, d ^^ nght angles : and 
because fck is a right angle, the square of f k is equal (i. 47) to the 
aqvares ef fci, ck : fer the same reason, the square of fk is equal to the 
squares of f bi bk : therefore the squares of td ck are equal to the squares 
'fif fb» bk» ef which the square of f c is equal to the square of fb ; the 
xttmaining square of ck is therefore equal to the remaining square of bk» 
anil the straight line ek equal to bk-^ ft^^ beoauae f b is <equal to fc and 
f k ofanmoB (to 'the iariangles bf k cf k ^^ ^^^ b£ fk are equal to the 
two c£ fk -AOid the base bk is equal to the base kc ; therefore the angle 
bfkis^iud ^- 3) tolJ;fceaQglekfc> aivdthe angle bkftofkc; where- 
£zRe1ihe angle bfc is double of the angle kfc> ai^d bkc double of fkc : 
&r theiSMMOie reason, .the angle cf d is double of the angle cf I and cl,d 
ihrahle of ^If^ .and because the circum- 
:£arence b 6 is .equal tto tiie (ckcumference 
<}d> the angte bfc is e^ual (iiL 27) to the 
flB^ecf d; and bfc is double of the angle 
kf& end icfd double of cfL; therefore 
ithe angk kf*C is equal to ihe ai^le cfl ; 
aoid the i^t ^angle f ek is eqiml to the 
xigfat angle f cl : ttbenefore, in tiae two tri- 
eagles fk<^ tin, ^there are two angles of 
one equal to two angles of .the other, each 
io eaoh, and the side f lO, which is .adjacent 
to the equal angles in Oftoh^ is common to 
hcith ; thesefare the other sides shall be 
(fi^ual *(i. 26) !to the oth^ «idea, and the third angle to the third .angle : 
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therefore the straight line k C is equal to cl &nd the angle f k to the 
angle flc : &iid b^ause kc is equal to cl kl is double of kc* ^ the 
same manner it may be shewn that hk is double of bk ^ And because bk 
is equal to k C^ as was demonstrated, and that k 1 is double of k C> and 
kh double of bk} hk shall be equal to kL In like manner, it may be 
shewn that g ll« g^ni) ml ai^e each of them equal to hk or kl : therefore 
the pentagon g^hklm is equilateral. It is also equiangular; for, since 
the angle f kc is equal to the angle fl c^ and that the angle hkl is double 
of the angle fkc^ and klm double of flc as was before demonstrated, 
the angle hkl is equal to klm : and in like manner it may be shewn 
that each of the angles khgyh^m^g^mlis equal to the angles hkl or 
klm ' therefore the five angles ghlb hkl klm^ Ivigj mglb being 
equal to one another, the pentagon ghklm is equiangular; and it is 
equilateral, as was demonstrated ; and it is described about the circle 
abode- Which was to be done. 



Pkoposition XIII. — Pbobleh. 

To inscribe a drde in a given equHatercd and equicmffular pentagon. 

Let abode be the given equilateral and equiangular pentagon; it is 
required to inscribe a circle in the pentagon abcde* 

Bisect (i. 9) the angles bcd« cde hy the straight lines c£d£ and 
from the point £ in whidi they meet, draw the straight Hnes fh, fa, f e • 
therefore, since b C is equal to c d» and c f common to the triangles b C £ 
dcf the two sides bc? cf are equal to the two dcy cf i and the angle bcf 
is equal to the angle dcf; therefore the base bf is equal (L 4) to the 
base fig and the other angles to the other angles, to which the. equal sides 
are opposite; therefore the angle cbf is equal to the angle cdf : and 
because the angle cde is double of cd£ and«that cde is equal to cba^ 

and cdf to cbf j cba is also double of 
the angle cbf; therefore the angle abf 
is equal to the angle cbf; wherefore the 
angle ab C is bisected by the strught line 
b f In the same manner, it may be de- 
monstrated that the angles baCy aedy 
are bisected by the straight lines a£ fe ^ 
from the point £ draw (i. 12) fg, f h, f fc 
f L f m perpendiculars to the straight lines 
ab; ba cd» de^ ea*- and because the 
angle hcf is equal to kc£ and the right 
angle f h c equal to the right angle f kc j 
in the triangles f hc> f kc tibere are two angles of one equS to two angles 
of the other, and the side f c which is opposite to one of the equal angles 
in each, is common to both; therefore the other sides shall be equal (i. 26), 
each to each; wherefore the perpendicular f h is equal to the perpendicular 
f k. In the same manner, it may be demonstrated that ft f m, f g are 
each of them equal to f h, or f k '• therefore the five stndght lines f g, f h, 
f fc f L f in are equal to one another : wherefore the circle describe from 
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the centre £ at the distance of one of these five, shall pass through the 
extremities of the other four, and touch the straight lines abybCyCd^de^ 
689 because the angles at the points g, h, k L HI cure right angles ; and 
that a straight line drawn from the extremity of the diameter of a circle 
at right angles to it, touches (iii. 16) the circle; therefore each of the 
straight lines aby bc> cif de^ea touches the circle: wherefore it is 
inscribed in the pentagon abcde- Which was to be done. 



Proposition XIV. — ^Problem. 

To describe a cirde abend a given equilateral amd eqyianffula/r pemiagon. 

Let abcde be the given equilateral and equiangular pentagon; it is 
required to describe a circle about it. 

Bisect (i. 9) the angles b C d^ C d 6 by the straight lines c £ f d^ and 
from the point £ in which they meet, draw the straight lines f by t% f e> 
to the points by a? 6- It may be demonstrated 
in the same manner as in the preceding pro- 
position, that the angles cba? bao? aed ai'6 
bisected by the straight lines f by f a? f 6* And 
because the angle bed is equal to the angle 
C d Oy ai^d that f c d is the half of the angle 
body and cdf the half of cdoj the angle 
fed is equal to fdc; wherefore the side cf is 
equal (i. 6) to the side f d* In like manner, it 
may be demonstrated that f by f 89 f 6 are each 
of tiiem equal to f c, or f d- Therefore the five 
straight lines f a, f by f Cy f dy f 6 are equal to one another ; and the circle 
described from the cenlre £ at the distance of one of them, shall pass 
through the extremities of the other four, and be described about the equi- 
lateral and equiangular pentagon a b C d 6* Which was to be done. 




Proposition XV. — Problem. 

To inscribe on eqidUUeral amd eguioffigula/r hexagon in a given cirde. 

Let a b C d 6 f be the given circle ; it is required to inscribe an equilateral 
and equiangular hexagon in it. 

Find the centre g of the circle abcde£ and draw the diameter 
ag^d; and from d as a centre, at the distance dgy describe ^the circle 
effchy join egy Cgy and produce them to the points b) fy and join 
a£ bCy cdy day e£ fa- The hexagon abcdef is equilateral and equi* 
angular. 

Because g is the centre of the circle abcde£ gB is equal to fi^d« 
And because d is the centre of the circle egchy Cie is equal to ig; 
wherefore g^e is equal to edy and the triangle egd is equilateral; and 
therefore its three angles egi^ gdey deg are equal to one another, be* 
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cause ^e angles at tiie base of an isosceles tn^ 
angie ars equal (i. 5); and tiie three an^ea of » 
triangle are equal (i. S'S) to two right anglesj;. 
therefore the angle eg it » the third part of tiR> 
right angles. In the same BKanner it may be de^ 
monstrated that t^e angle i,ge^ is also the tbitd 
part of two right angles. And becaxue tka 
straight line g^c makes with eb the adjacent 
angles egc> Cgb equal (i. 13) to two right 
angles; the remaining angle cg^b is t^® third 
part of two right angles : therefore the angles 
egi dgC? Cgb are equal to one another. And 
to these are equal (i. 15) the vertical opposite 
angles bfifft? ag^£ fgOi therefore the six angles 

egd, dgc, cgb, bga, ajg£ fge are equal 

to one another. But equal angles stand upon 
equal (iii. 26) circumferences ; therefore the six circumferences a br 
bCy cd de, ef> fa are equal to one another. And equal circum- 
ferences are subtended by equal (iii. 29) straight lines; therefore ihe six 
straight lines are equal to one another^ and the hexagon abcdef is 
equilateral. It is also equiangular; for, since the circumference af is 
equal to ed? to each of these add the circumference abcd; therefore the 
wnole circumference f abcd shall be equal to the whole edeba- And 
the angle fed stands upon the circumference fabc d> and the angle a f e 
upon 6 deb a; therefore the angle affr is equal to fed* ^^^ the same 
manner, it may be demonstrated that the other angles of the hexagon 
abcdef are each of them equal to the angle afe or fed* therefore the 
hexagon is equianglar ; and it is equilateral, as was shewn ; and it is in- 
scribed in the given circle abedef Which was to be done. 

Cor. From this it is manifest, that the side of the hexagon is equal 
to the straight line from the centre, that is, to the semidiameter of the 
circle. 

And if through the points a> b? C, d> e> f there be drawn straight 
lines touching the circle, an equilateral and equiangular hexagon shall be 
described about it, which may be demonstrated from what has been said 
of the pentagon ; and likewise a circle may be inscribed in a given equi- 
lateral and equiangular hexagon^ and circumscribed about it, by a method 
like to that used for the pentagon. 



PROP0»iTioir XVI.— Problem. 

To inscribe cm equihieral and equiangular qmndecofgon. in a given cirde^ 

Let abed ^e the given cirde; it is required to inscribe an equilateral 
and equiangular quindecagon in the circle abed- 

Let a e be the side of an equilateral triangle inscribed (ii. 4^ in the 
csrcHe, and ab the side of an equilateral and equiangular pentagon in- 
scribed (iv. 11) in the same ; therefore^ of such equal parts as the wh^ 
circumference abcdf contains SH^en, the eireumf^rence ab^' being iSkff 
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tlfrd part of i&e whoTe, eontaiiur fhre; and the tSreaadenoee ab) wiiich 

is the fifth part of the whole, contains three; HkertSore bc their difference 

contains two of the same parts. Bisect 

(iii» dO) beia a; tiierdbre ]^e^ dew«» 

eidli oC thast the fifteenth part of tlie wbok 

drcoMferoMe abcd- TbtuK£»re, if the 

straight lines b 6» 6 C he drawn, and straight 

lines eqnal to them be pUced round (i. 4) 

in the whole circle, an equilateral and equi- 

un gtijlur 4|aindecagon shall be inscribed in 

it Which was to be done. 

And in the same manner as was done 
in the pentagon, if, through the points of 
division made by inscribing the quinde- 
ci^on, straight lines be drawn touching 
the circle, an equilateral and equiangular 
quindecagon shall be described about it And, likewise, as in the pen- 
tagon, a circle may be inscribed in a given equilateral and equiangular 
quindecagon, and circumscribed about it. 




EXERCISES ON BOOK IV. 



Sect. I. — Problems. 

1. Given a line and two points, to describe a circle that shall pass 
through the points and touch the line. 

2. Qiven a circle, to inscribe in it three equal circles which shall touch 
it and each other. 

3. Given a circle, to inscribe in it four equal circles which shall touch 
it and each other. 

4. Given a circle, to describe six other circles, each of which shall be 
equal to the given circle and be in contact with it and each other. 

5. Given a quadrant of a circle, to inscribe a circle in it. 

6. Given two circles, to draw a line that shall be a tangent to both. 

7. Given a finite straight line, to describe on it an equilateral and 
equiangular decagon. 

8. Given a line and a circle, to draw a tangent to the circle parallel to 
the line. 



Sect. II. — ^Theorems. 

9. If the three angles of a triangle be bisected, the bisecting lines shall 
meet in the same point. 
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10. If a circle be inscribed in a triangle^ the rectangle, contained hy. 
the radius of the circle and the siun of the three sides of the triangles is 
double of the triangle. 

11. If an equilateral triangle be described about a circle^ the straight 
lines which join the points of contact of the circle and the triangle contain 
another equilateral triangle^ each of which is equal to one half of a side of 
the other triangle. 1 

12. If a square be inscribed in a circle, it shall be double the square of ' 
the radius of the circle. 
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DEFINITIONS. 

I. A LESS magnitude is sfdd to be a part of a greater magnitude, when 
the less measures the greater ; that is, when the less is contained a certain 
number of times exactly in the greater. 

II. A greater magnitude is said to be a multiple of a less, when the 
greater is measured by the less ; that is, when the greater contains the 
less a certain number of times exactly. 

III. Batio is a mutual relation of two magnitudes of the same kind to 
one another, in respect of quantity. 

lY. Magnitudes are said to have a ratio to one another, when the less 
can be multiplied so as to exceed the other. 

v. The first of four magnitudes is said to have the same ratio to the 
second which the third has to the fourth, when any equimultiples what- 
soever of the first and third being taken, and any equimultiples whatsoever 
of the second and fourth ; if the multiple of the first be less than that of 
the second, the multiple of the third is also less than that of the . fourth ; 
or, if the multiple of the first be equal to that of the second, the multiple 
of the third is also equal to that of the fourth ; or, if the multiple of the 
first be greater than that of the second, the multiple of the third is also 
greater than that of the fourth. 

YI. Magnitudes which have the same ratio are called proportionals. 
N. B. When four magnitudes are proportionals, it is usually expressed by 
saying, the first is to the second, as the third to the fourth. 

YII. When of the equimultiples of four magnitudes (taken as in the 
fifth definition), the multiple of the first is greater than that of the second, 
but the multiple of the third is not greater than the multiple of the fourth ; 
then the first is said to have to the second a greater ratio than the third 
magnitude has to the fourth ; and, on the contrary, the third is said to 
have to the fourth a less ratio than the first has to the second. 

YIII. Analogy, or proportion, is the similitude of ratios. 

IX. Proportion consists in three terms at least. 

X. When three magnitudes are proportionals, the first is said to have 
to the third the duplicate ratio of that which it has to the second. 

XI. When four magnitudes are continual proportionals, the first is 
said to have to the fourth the triplicate ratio of that which it has to the 
second, and so on, quadruplicate, &c. increasing the denomination still by 
unity, in any number of proportionals. 

Definition a? to wit, of compound ratio. 
When there are any number of magnitudes of the same kind, the first 
is said to have to the last of them the ratio compounded of the ratio which 
the first has to the second, and of the ratio which the second has to the 
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third, and of the ratio which the third has to the fourth, and so on unto 
the last magnitude. 

For example, if fti by C9 d he four magnitudes of the same kind, the 
first a is said to have to the last d the ratio compounded of the ratio of a 
to b^ and the ratio of b to c? fti^d the ratio of c to d ; or, the ratio of a to 
d is said to he compounded of the ratios of a to b, b to c? &nd c to d : 

And if a has to b the same ratio which e has to f ; and b to c the 
same ratio that g has to h ; and c to d the same that k has to 1 ; then 
by this definition, a is said to have to d the ratio compounded of ratios 
which are the same with the ratios of e to £ g^ to b, and k to 1. And the 
same thing is to be understood when it is more briefly expressed by saying, 
a has to d the ratio eompounded of the ratios of a to £ j^ to hb "^d k to 1* 

In like mMiner, the same* tibiags being supposed, if m has to b ^^ 
same ratio which a has to d j then, -for riiortness sake, m i* Mid to kwe 
to B the ratio compounded of the ralftos of e to £ ff to b» and k to 1. 

XII. In proportionids, the antecedent terma ar« eatted komologou* to 
one another, as also the consequents to ooe anolber. 

Geometers make use of the following teefaaitml words to signify eertain 
ways of changing either the order or magnitude of proportionals, so as tkst 
they continue still to be proportionals. 

XUL FenmUtmdo, or aUermmdOf by permutation, or alternately. 
ThiB word i» used when liiere are four propcnrtionals, and it is inferred 
that the first has the same ratio to the third which the second has to ^t% 
fourth ; or that the first is to the third as the second to l&e fourth : aa la 
shewn in the 16th Prop, of this 5th Book. 

XIV. Invertiendo, by inversion ; when there are four proportBomk^ 
and it is inferred that the second is to the first as the fourth to the thk^ 
Propv R Book 5. 

XY. Cont^fonench, by composition ; when there are ^Mir proportional^ 
and it is inferred that the first, together with the second, is to the second 
as tile third, together witii tiie fourth, is to the fourth. 18th I^op. Bo<^ 5. 

XYI. JX/Duimdo, by division ; when tiiere are four proportionals, and 
it is inferred that the excess of the first above the second is to the second 
as the excess of the third above tiie fourth is to the fourth, 17th Prop. 
Book &, 

XYII. Conwfiemh, by conversion ; when Ihere are four proportionals, 
and it is inferred that the first is to its excess above the second as the 
third to its excess above the fourth. Prop. £. Bo^ 5. 

XYIII. JSx cBquaH (sc. digtcmtia), or ex cequo, from equality of distance ; 
when there is any number of magnitudes more than two> and as many 
others, so that they are- proportionals when taken two and two of each 
rank, and it is inferred that the first is to the last of the first rank of 
magnitudes as the first is to the last of the others. Of tMs there are the 
two following kinds, which arise from the different order in which the 
magnitudes are taken, two and two. 

XIX. £x tBquaU, from equality. This term is used simply by itself, 
when the first magnitude is to the second of the first rank as the first to 
the second of the other rank ; and as the second w to the third of the first 
rank, so i» the second to the third of the other; and so on in order. And 
the inference is as mentioeed in tiie preceding definition, whence tWa is 
called ''ordinate proportion.'* It icr demonstrated ia 2^ Prop^ Book 5. 
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XX. Hx (zqwdi in proportione perturbaia aeu inordinaia, from equality 
in perturbate or disorderly proportion.* This term is used when the first 
magnitede is to the second of the first rank as the last but one ifl to the 
last of lihe second rank ; and as the second is to the third of the first rank^ 
so ]» the last but two to the last but one of the second rank ; and aa the 
tibiird is to the fourth, of the first rank, so is the third &om the laat to the 
last but two of the second rank, and so on in a cross order : and the 
inference is as in the 18th definition. It is demonstrated m tiie 23d Prop, 
of Book 5. 

AXIOMS. 

I. Equimultiples of the same or of eqivd magnikidea are efoal to one 
another. 

II. Those magnitudes of which the same or equal magnitudes are 
equimultiples are equal to one another. 

III. A multiple of a greater magnitude is greater than the same mul- 
tiple of a less. 

lY. That magnitude^ of which a multiple is greater than the same 
multiple of another, is greater than that other magnitude. 



PROPOSITION I. — ThEOBEK. 

Ifam/y nwrnber of rruigniMides he equvm/uUiples of as momy others, each of 
eacA ; what rrvaUiple soever cmy one of them is of its part, the scmi/e muUiple 
shall aU the first magnitudes he ofcJl'the others, 

Jsem any number of magnitudes ab? C d be equimultiples of as many others 
^ £ each of each : whatsoever multiple ab i^ of e» the 
same multiple shall ab and cd together be of e and fto- A 
g^Jier. 

Because ab is tiie same multiple of e that e d i^ of £ aa 
many magnitndea as are in a b equal to Or so many are th^re K 
in cd 6<r^ to f. Divide ab io^to magnitudes equal to ^ 
viz. ag; gb ', and ed into cll> hd equid each of them to f : \^ 
the number therefore of the magnitudes e^lb b dy^ c^^ be 
equal to the number of the others ag? gb; and because ^ 
ag is equal to e? and c h to £ therefore a g and c h together 
are equal to (L 2 oec.) e and f together. For the same reason, 
because gb is equal to e« and hd to f ijgb and bd together 
are equiJ to e and f together. Wherefore as many magni- H 
tudes as are in ab equal to e^ so many are there in aby cd 
together equal to e and f together. Therefore, whatsoever 
multiple a b is of e^ the same multiple is a b and c d together ^ 
of e and f together. 

Therefore, if any magnitudes, how many soever, be equimultiples of as 
many, each of each, whatsoever multiple any one of tiiem is of its part, 
the same multiple shall all the first magnitudes be of all the other : for the 
same dem<Mistration hcdds in any number oi magnitudes, whidi was here 
appEed to two. Q. E. D. 

* Archimedes de Sphiera et CjlTndro, Prop. 4. lib. 2. 
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Pkoposition II. — ^Theobeh. 

If ^ first magnitiuie he the same muUiple of the second that the third is 
of the fourth, and the fifth the same mvMvple of the second that the sixth 
is of the fourth ; then shaU the first together with the fifth he the samie 
fmiUvple of the second, that the third together tcith the sioeth is ofthefov/rth, 

Lbt ab the firsts be the same multiple of c the second, that d 6 the third 
is of f the fourth ; and b g the fifths the same multiple of c the second, 
that eh the sixth is of f Sie fourth : then is ag*? the first, together with 
the fifth, the same multiple of c the second^ tbat d \u the third, together 
with the sixth, is of f the fourth. 
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Because ab is the same multiple of c* that de is off; there are as 
many magnitudes in ab equal to c? as there are in d 6 equal to f. In like 
manner, as many as there are in bg equal to c> so many are there in 
e h equal to f : as many, then, as are m Uie whole a g equal to c so many 
are there in the whole dh equal to f ; therefore a ff is tiie same multiple 
of c^ that dh is off; that is, a? the first and fifbh together, is the same 
multiple of the second c^ that dh the third and sixth together is of the 
fourth f. If^ therefore, the first be the same multiple, dbc. Q. E. D. 

Cob. From this it is plain, that if any number of magnitudes ab) 
bg, gh* he multiples of another c ; and as many dO; ek^ kl be the same 
multiples of £ each of each ; the whole of the first, viz. ah) is the same 
multiple of c? that the whole of the last, viz. dL ^s of f. 



Pboposition III. — ^Theobeh. 

If the fwst he the same m/uUipIe of the second, which the third is of the 
fourth ; and if of the first a/nd third there he taken eqmmvltiples, these 
shall he eguimuUiples, the one of the iecond, and tJie other of the fourth. 

Let a the first, be the same multiple of b the second, that c the third is 
of d the fourth ; and of a» C? let the equimultiples 6 £ gh he taken : then 
6 f is the same multiple of by that g h is of d* 
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Because ef is the same multiple of a^ that gh is of c? there are as 
manj magnitudes in ef ^^ to a? as 
are in gh equal to c* Let ef h^ di- 
vided into the magnitudes e k k £ each 
equal to a^ &i^d gh into gl Ih, each 
equal to c * the number therefore of . 

the magnitudes ek k£ shall be equal 1^ 

to the number of the others ST L 1 h : 
and because a is the same multiple of i.^ 
by.that c is of cb ai^d that ek is equal 
to 2Lf and g 1 to c j therefore e k is the . 
same multiple of }}, that gl is of d* 
For the same reason, kf is the same 
multiple of }), that Ih is of d j and so, 
if there be more parts in e£ gh, equal 
to a? C : because, therefore, the first 

ek is the same multiple of the second 6 d^ D g 
h, which the third gl is of the fourth i, 
and that the fifth k f is the same multiple of the second h^ which the sixth 
Ih is of the fourth d; ef the first together with the fifth, is the same 
multiple (ii. 5) of the second }}, which g h the third together with the 
sixth, is of the fourth d* If? therefore, the first, <S^c. Q. E. D. 



Pkoposition IV. — ^Theorem. 

If the fifTBt of fiywt magrwtudea has the same ratio to the second lohich the 
third has to theJbuHh ; then a/ay equimultiples tohatever of the first a/nd 
third shaXi ha/oe the sa/me ratio to any equirnvUijplea of the second a/nd 
fau/rth, viz, the equirmUtiple of the first shodl have the samfie ratio to that of 
the second, which the eqaimvUiple of the third has to that of the fourth. 

Let a the first have to b the second, the same ratio which the third c has 
to the fourth d j and of a and c let there be taken any equimultiples what- 
ever e, f j aud of b ai^d d any equimultiples whatever g, h : then e has 
the same ratio to g, which f has to h- 

1 f e d h n 
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Take of a^uad f any eqtiimiiltiides irhaterer h:, ^ and of e; k ^^ equi- 
multiples whatever m, n : then, beeause ^ k the same unwdple of a lAiirt 
f is of c : and of e cmd f have been (taken eqnimult^leB "k, f ; tharefof e ]e 
is the same multiple of a^ that 1 is of ic (t. 3). For the same reason, 9i is 
the same multiple of b? that n is of d^ ftotd because, as a ^ to b, so is c 
to d i^ypo^'), and of a and c have been tadEea oertain eqnimultiideB k« 1 : 
and of b and d have been taken oertain equimultiples m, fi ; if therefore 
k be greater than m^ 1 is greater than n ' and if ^qual, equal ; if less, less 
(y. d^. 5). And k 1 are any equimidtiples whaiever of e» f ; and m, n 
any whatever of g, h : as theref(»re 6 i<i to g, so is (v. d^, 5) f to h. 
Therefore, if the first, dsc. Q. E. D. 

Cob. Likewise, if the first has the same ratdo to the second, which ihe 
third has to the fourth, then also any equimidtiples whatever of the first 
and third have the same ratio to the second and fourth. And in l^Le 
manner, the first and the third have the same ratio to any equim«lti|des 
whatever of the second and fourth. 

Let a the first have to b the second, the same ration whidi the third 
C has to the fourth i, and of a and c 1^ 6 and f be any equimiiltiples 
whatever-; then e «( to b^ as f to d- 

Take oi tft any eqnimcdtiples whatever k, 1, and of |^ 4 any equi* 
multiples whatever 'g b ; then it mi^y be demonstrated, as before, that k v 
the same multiple of a, that 1 is of c- And because a is to by as <• is to 
dy and of a and c certain equimultiples have been taken, viz. k and 1; 
and of b and d certain equimultiples g, hi therefore, if k he greater 
than g*, 1 is greater than h; and if equal, equal ; if less, less (v. def. 5). 
And k> 1 are any equimultiples of ^ f, and g, h 4my whatever of j^ d ; 
as therefore e is to b« so is f to d* And in tiie same way the other case 
is demons torated. 



Piioposixioir y. — ^Thbokex. 

If one magnitude he the same multiple o/cmother which a mo/gnitvde taken 
from, ihefrr^ is of a magvniiude taken fivm the vtker^ the remamder aboB 
be theeame multiple of At wmaienddt thai the whole is qfthe whok, 

g LsT the magmtn^ at) he the same multiplB cf e d» that a6 

taken from the firsts is of cf taken t&om the «(te* ; ike x»- 
mainder eb shall be the same multiple of the remainder f d^ 
that the whole ab is of the whole cd* 

Take afiT^ the same multiple of fd that a 6 is of cf: 
therefore a 6 is (v. I) the same multiple of c £ that e g is of 
C d> But a Qf hy the hypothesis, is the same multiple of c £ 
that ab is of cd *• therefore eg is the same multiple of cd 
that ab is of cd; wherefore eg is equal to ab (v. cus. I). 
Take from them the common magnitude a 6 ; ^^ remainder 
ag is equal to the remainder eb* Wherefore, since a 6 is 
the same multiple of c £ that ajg is of f d^ and that a g is 
equal to eb; therefore ae is the same multiple of e£ that 
eb is of f d- But ae is the same multiple of cf that ab 
is of cd; therefore eb is the same multiple of fd^ that ab 
is of c d« Therefore, if one magnitude, i^c. Q. E. D. 
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Propobition VI. — ^Theobem. 

If two nvagmtudea he equinmUipUa of tvoo others, and if equinrnUiples of 
these he taken from the first two, ^ remainders wre eiUher equal to these 
Bthers, or eqmrmMpUs of them. 

Let the two magnitudes Ab) cd l>e equimultiples of the two e* £ and 
a8^9 ch taken from the first two be equimultiples of , 

tlie same 0, f ; the remunders g^JI, hd ^^ either 
equcQ to 6) £ o^ equimultiples ofthem. 

First, let gb he equal to e ; lid '^ equal to f. 
MaSs^e c\ equal to f ; and because Eg is the same 
multiple of e, that cll is of £ and that g^b is equal 
to e» &^<^ ck to f ; therefore ab is the same mul- 
tiple of e ^^t W is of f. But ab) hj the hypo- 
thesis, is the same multiple of e that cd is of f; 
flierefore kb is the same multiple of f that c d is 
4>f f ; wherefore W is equal to c^ ((v. aac. 1). Take 
awaj the common magnitude cb« then the remainder kc is equal to the 
remainder hd- But kc is equal to f ; hd therefore is equal to f. 

But let ff b he a multiple of e ; then hd is the , 

same multip^ of f. Make c k the same multiple of £ 
that g^b is of e« And because a&^ is the same mul- 
tiple of e that ch is of f-; said gb the same mul- 
tiple of e that ck is off; therefore ab u the same 
multiple of e that kk is of f (y. 2). But ab is the 
same multiple of e that cd is of f ; therefore kh is 
the same multiple of f that c d is of it : wherefore 
kli is -equal to cd (▼• cm, 1). Take awfty eli^m 
both; therefore the remainder kc is equal to the re- 
msiikder hd- A^id because g^b is the same mult^le 
of e 'that kc is -of £ andttrait kc is equal to hd; 
therefore hd is the same multiple of f that fi^b is 
of e* If> therefore^ two magnitudes, &c. Q. E. D. 
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Pboposition a. — ^Theobem. 

If the fir si offov/r Tnagnitvdes has to the second the same ratio which the 
third has to tke fourth; then, if this first he greater thorn, the second, the 
third is also greater than thefowrth; cmd if eqwd, eqwal; if less, less. 

Take any equimultiples of each of them, as the doubles of each ; then, by 

def. 5ih. of this book, if the double of the first be greater than tiie double 

of the second, the double of the third is greater than the double of the 

fourth : but if the first be greater than the second, the double of the first 

is greater than the double of the second ; wherefore also the double of the 

"tbod is giMter than the double of ihe fourth ; ihttn&ut rthe third is 

gmrter thasi iiie "fourth, in iike mannary if the first fae •e^ual to the 

jseeond, cnr less i^um it, flie tiiird can be proved to he aqnal to the &urtb; 

:or ksB than it. Tkmbai^ if the fiiBt, ice. Q. K I>. 
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Proposition B. — ^Theorem. 

Iffowr magnitudea cure propcyiiiionalaf they are propoHionals dbo when take^i 

inverady. 

If the magnitude al^tob^^ciBtod^ then also 
inTersely b is to a &s d to c* 

Take of b and d ftny equimultiples whatever e ftnd 
f ; and of a and c any equimultiples whatever g and h.. 
First, let e he greater than g, then g is less than e ; 
and because a is to b as c is to d^ aim of a and c, the 
first and third, g and h are equimultiples ; and of b 
and i, the second and fourth, e and f are equimultiples ; 
fS Bt b 6 and that g is less than e, h is also (v. de/, 5) less than 
]| C d f f ^ *^^* is, f is greater than h; if therefore e he greater 

than g, f is greater than h* In like manner, if e he 
equal to g, f may be shewn to be equal to h. ; and if 
less, less; and e^ f are any equimultiples whatever of b 
and if and g, b any whatever of a and c ' therefore, as 
b is to a^ so is d to c- If then four magnitudes, &c. 
Q. E. D. 



Proposition C. — ^Theorem. 

Ifthejftrst he the aame nmUipie qftlte second, or the same part ofU, that 
the third is of the fowrth, Ut/ejvrst is to the second as the third is to the 
fowrth. 

Ism the first a he the same multiple of b the second, that c the third 
is of the fourth d: aistobascisto d- 

Take of a and c any equimultiples whatever e and f ; and of b and 
d any equimultiples whatever g and h- Then, because a is the same mul- 
tiple of b ^at is of d i and that e is the same multiple of a that f is of 
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C : e is the same multiple of b ^^ f is of d (^* 3); therefore e and f 
are the same multiples of b and d* But g and h are equimultiples of 
b and d : therefore, if e be a greater multiple of b than g is, f is a greater 
multiple of d than h is of d j ^^^ ^i if e be greater than g, f is greater 



BOOK T. PBO^. J>. 



«7 



than h* ^^ ^kc manner, if 6 be equal U) gi or less, f is equal to hi or 
less than it. But e» f ^^ equimultiples, any whatever, of a? C« and gf Tx 
any equimultiples whatever of 1), d* Therefore aistol),asci*tod 
(v. def, 5). 

Next, let the first a he the same part of the second )}, that the third c 
is of the fourth d • a is to b as c is to d : for b is the same multiple of a 
tliat d is of c: wherefore, by the preceding case, b is to a as d is to c; 
and inversely (v. B.) a is to b as c is to d* Therefore, if the first be 
the same multiple, <fec. Q. E. D, 



Proposition D. — ^Theorem. 

Xfthejftrst he to the second as the third to {hefomtih, cmdifthejlrst he a 
rmM/ple, or part, of the second; the third is the same WMUipU, or the same 
paH, o/the/ourih. 

Let abetob^ascistodj and first let a be a multiple of b : C is the 
same multiple of d* 

Take e equal to a^ and whatever multiple a or e is of by make f the 
same multiple of d* Then, because aistobascistod; and of b 
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the second, and d the fourth, equimultiples have been taken e and f ; a is 
to e^ as c to f (v. iv. cor,). But a is equal to ^ therefore c is equal to f 
(v. A) : and f is the same multiple of d that a is of b* Wherefore c is the 
same multiple of d that a is of b* 

Next, let the first a be a part of the second b j C the third is the same 
part of the fourth d* 

Because aistobascistod^ then inversely, b is (v. B.) to a as 
d to 0* But a is a part of by therefore b is a multiple of a ; and, by th^ 
preceding case, d is the same multiple of c ; that is, c is tlie same part 
of d that a is of b* Therefore, if the first, &o. Q. E. D. 



M 



THE' EL^kENTS OF EtJdUB. 



Proposition VII. — ^Theorem. 

Equcd magnitvdes have the scmie ratio to ths Bo/m/e magmhtde, and the samnA 

has the sa/tne ratio to egtiol magnitudes. 

Let a £^nd b be equal magnitudes^ and c ^^J other •- 
a and I) have each of them the same ratio to c^ and 
C has the same ratio to each of the magnitudes a ^^^ b- . 

Take of a ^^^ h ^t^J equimultiples whatever d and 
e, and of c ^^7 multiple whatever f. Then, because d 
is the same multiple of a that e is of b> &nd that a is 
equal to b j d is (v. ax. 1) equal to e- Therefore, if d 
be greater than £ e is greater than f ; and if equal, 
equal J if less, less. And i, e ai'^ any equimultiples of 
a? b> aud f is any multiple of c- Therefore (v. def, 5), 
as a is to C; so is b to c. 

Likewise c has the same ratio to a that it has to 
b '• for, having made the same construction, d may in 
Kke manner be shewn equal to e^ Therefore, if f be 
greater than d, it is likewise greater than e ; ai^d if 
equal, equal ; if less, less. And f is any multiple what- 
ever of c> a^d d> e are any equimultiples whatever of 
a» b' Therefore c is to a as c is to b (v. d^, 5), There- 
fore, equal magnitudes, &c, Q. E. D. 
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Proposition VIIL — Theorem^ 

0/uneqiud ma^nUndes the greater has a greater ratio to the same than the 
less has, andthe same magnittide has a greater ratio to the less than it 
has to the greater. 

Let ab> be be unequal magnitudes, of which ab is the greater, and let d 

be any magnitude whatever: ab has a greater ratio to d than bc to d * 

and d has a greater ratio to bc than unto ab- 

If the magnitude which is not the greater of the 
two SkCi cb; be not less than d? take eZ tg the 
doubles of ac cb> as in fig. 1. But if that which 
is not the greater of the two a C? C b^ be less than d 

f. (as in figs. 2 and 3) this magnitude can be multi- 

plied, so as to become greater than dj whether it be 
C"! ac 01* cb« Let it be multiplied until it become 

greater than dj and let the other be multiplied aa 
often ; and let e f be the multiple thus taken of a C> 
and f g the same multiple of cb- Therefore ef and 
J f g are each of them greater than d : and in every 
one of the cases, take h the double of dj k its triple, 
and so on, till the multiple of d be that which first 
becomes greater than f g. Let 1 be that multiple of 
d which is first greater than f g, and k the multiple 
of d which is next less than 1. 
£g ]^ Then, because 1 is the multiple of d which is the 
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first that becomes greater than f g, the next preceding multiple k is not 

greater than fg; that is, fg is not less than k. And since ef is the 

same multiple of a C, that fg is of 

Cb > fg is the same multiple of cb 

that eg is of ab (i* 5); wherefore 

eg and f g are equimultiples of ab f ' 

and cb- And it was shewix l£iat 

f g was not less than k; and,, by the 

construction, ef is greater than d.;* 

therefore the whole e g is- greater 

than k ai^d d together. But ki 

together with dj is equal to 1; 

therefore e g is greater than 1 ; but , 

f g is not greater than 1; and eg> 

fg are equimultiples of ab> bc> 

and 1 is a multiple of d; therefore 

(y. def. 7) ab has to d a greater 

ratio than b C has to d- 

Also d has to b C a greater ratio* 
than it has to ab- For, having 
made the same construction, it may 
be shewn, in like manner, that 1 is 
greater than f g». but that it is. not 
greater than e g- And 1 i& a mxjl-* 
tiple of d ; and f g,- e g^ are equi- 
multiples of cb> Sl})> therefore d has to cb a- greater ratio (v. def, 7) 
than it has to ab* Wherefore, of unequal magnitudes, &c. Q. Ei D. 
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fig. 2: 



fig. 8. 



Proposition IX. — Theorem. 

Magn/Uttdes which have the same ratio to the- samie Tnagnit'udR are equal to 
one am/other^ amd those to which ^ same magnittule has the sa/me ratio 
. a^e equal to one-a/nother, 

l^ET a» b have each of them the same ratio to. c ; a is equal to b« For, 

if they are not equal, one of them is greater than the other. Let a be the 

greater ; then, by what was shewn in the preceding 

proposition, there are* some equimultiples of a and bi 

and some multiple of c such, that the multiple of a is 

greater than the multiple of c> but the multiple of b 

is not greater than that of c- Let such multiples be 

taken, and let d? 6 be the equimultiples of a? b; and f 

the multiple of c> so that d maybe greater than % and 

e not greater than f. But, because a is to c as b is to 

C, and of a? b are taken equimultiples d? e? and' of c 

is taken a multiple f ; and that d is greater than f f 1> 

e shall also be greater than f (v; def, 5) ; but' e is not 

greater than f ; which is impossible ; a therefore and 

b ore not unequal ;. that is, they are equaL 
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Next, let c have the same ratio to each of the magnitudes a c^<I 
D ; a is equal to b- For, if thej are not, one of them is greater than 
the other; let a he the greater; therefore as was shewn in Prop. 8itih> 
there is some multiple f of c» c^d some equimultiples e <^d jb of b and 
a such, that f is greater than e^ cmd not greater tiian d > hut hecanse e 
is to b &s C is to a^ tuid that £ the multiple of the first, is greater than 
6, the multiple of the second ; £ the multiple of the third, is greater than 
if the multiple of the fourth (v. de/. 5). But f is not greater than d» 
which is impossible. Therefwe a is equal to b- Wherefore, magnitudes, 
&c. Q. E. D. 



Propositiok X.'— Theobem. 

That magnUude tohich has a ffreater rcUio them (mother has wnio the eama 
magmtfuck is the greater of the two. And that magmtude to vMch the 
same has a greater raiio thorn U has vaUo o/nother magniUude is the lesser 
of the tm>. 

Let a haare to c & greater ratio than b has to c ; a is greater than b : for 

because a has a greater ratio to c than b has to c, 
ihere are (v. d^, 7) some equimultiples of a and by and 
d fiome multiple of c such that the multiple of a is 

greater than the multiple of c> but tiie multiple of b is 

a jiot greater than it I let them be taken, and let d^ e be 

equimultiples of a* b^ and f a multiple of c such that 
d is greater than £ but q is not greater than f : there* 
&re d is greater than e • and because d and e are 
equimultiples of a <ffld bj and d is greater than e > 
therefore a is (^* ^ ax,) greater than b- 

Next, let c nare a greater ratio to b than it has to a ; 

b is less than a • for (v. def. 7) there is some multiple f 

e of Cj and some equimultiples e and d of b and a^ such 

that f is greater than e^ but is not greater than d ; 6 

therefore is less than d ; and because e sjid d Are equimultiples of b and 

a, therefore b is (v. 4 ax,) less than a- ^at magnitude, tiberefore, &a 

Q. E. D. 



Proposition XI. — ^Theorem:. 
Ratios that are the samve to the same ratio are the same to one aohother. 

Let ahetobascistodj and asctodsoleteheto f;aistob 
as e to £ 

Take of a^ C? 6^ any equimultiples whatever ^, h, k j and of by dj £ 
any equimultiples whatever 1, m, n- Therefore, smce aistob^asctod» 
and g>, h are taken equimultiples of a, Cy and l]n,ofb^d;ifgbe greater 
than Jj^ h is greater than m ; and if equal, equal ; and if less, less (v. dtf. 5). 
Again, because c is to d as e is to £ and iL k are taken equimultiples of 
C 6 ; and m, lb of d, f ; if h be greater than m, k is greater than n ; 
and if equal, equal ; and if less, less : but if g be greater than X it has 
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been shewn that h is greater than m : and if equal, equal ; and if less, 
less ; therefore if g be greater than L k is greater than n ; and if equal, 

g 1l k— 

* c e 

b d £ 



m 



equal ; and if less, less : and g, k ore any equimultiples whatever of a^ 6 ; 
and 1, n any whatever of fe, f : therefore, as a is to )^ so is e to f (v. def, 5). 
Wherefore, ratios, &c. Q. E. D, 



Proposition XII. — Theorem. 

Jfcmy nwmher of magrvUnjides he proportionals^ cb8 one of the cmtecedents is 
to Us consequenJt, so shall all the cmteced&nts taken togetlier he to aU the con- 

Si 



Let any number of magnitudes a» b? & d^ O? f be proportionals ; that is, 
as a is to b^ so is to d, and e to f. As a is to b^ so shall a^ C» 6 together 
be to b> A f together. 

Take of a» C^ 6 ^^^7 equimultiples whatever g, h, k ; and of 1^ d» f 
any equimultiples whatever L m, n * then, because a is* to b; as c is to d» 
and as e to f ; and that g, b> k are equimultiples of a> C? 0^ and 1, m, n^ 
equimultiples of b> A f ; if g be greater than l h is greater than nj, and 
k greater than n ; and if equal, equal ; and if less, less (r. def 5), Where- 
fore, if g be greater than ], then g, b, k together are greater than L m, n 
together j and if equal, equal ; and if less, less. And g, and g, h, fc to- 



e 



f 



m 



gether are any equimultiples of a» and sin Cj e together ; because if there be 
any number of magnitudes equimultiples of as many, each of each, what- 
ever multiple one of them is of its part, the same multiple is the whole of 
the whole (v. 1). For the same reason 1, and 1, m, n are any equimultiples 
of b> and b^ d, f : as therefore a is to b> so are a» c» e? together to b> A f 
together. Wherefore, if any number, &c. Q. E. D. 
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Peoposition XIII. — Theobeh. 

If the first has to the second the same ratio which the M/rd has to thefaurthf 
Imt the third to the fowrth a greater ratio than the fifih has to the sixth, 
the f/rst shaU also ha/ve to the second a grealer ratio than the fifth has to 
the sixth. 

Let a the first, have the same ratio to b the second, which c the third, has 
to d the fourth, but c the third, to d the foiorth, a greater ratio thaa e the 
fifth, to f the sixth : also the first a shall have to the second b ^ greater 
ratio than the fifth e to the sixth f. 

Because c has a greater ratio to d^ than e to £ there are some equi- 
multiples of c and e» ai^^i some of d and £ such that the multiple of c is 
greater than the multiple of d^ but the multiple of e is not greater than 
the multiple of f (v. dqf, .7) : let such be taken, and of Cj e> let g, h be 

m g 1l 

a c e 

b d £ 

11 k 



1 

equimultiples, and k, 1 equimultiples of d, f, so that g be greater than k, 
but h not greater than 1 .; and whatever multiple g is of c, take m the 
same multiple of a ; and whatever multiple k is of d> take n the same 
multiple ^f b '• then, because a is to b^ as c to d? and of a and c, m ancL 
g are equimultiples : and of b and d, n and k are equimultiples ; if m be 
greater than n, g is greater than k ; and if equal, equal ; and if less, less 
(v. defi 5) ; but g is greater than k j therefore m is greater than n : but 
JX is not greater than 1 ; and m, h are equimultiples of a> 6 ; and n, 1 
equimultiples of b f : therefore a has a greater ratio to b than e has to f 
(v. def. 7). Wherefore, if the first, &c. Q. E. D. 

Cor. And if the first have a greater ratio to the second, than the third 
has to the fourth, but the third the same ratio to the fourth, which the 
fifth has to the sixth ; it may be demonstrated, in hke manner, that the 
first has a greater ratio to the second, than the fifth has to the sixth. 



Proposition XIV. — ^Theorem. 

If the first has to the second the sanie ratio which the third has to (he fourth ; 
them,, if the fi/rst he grealer than the third, the second shall he greater than 
the fourth ; and if equal, equal ; and if less, less. 

Let the first a have to the second ]}, the same ratio which the third c^ has 
to the fourth d > if a he greater than Cj b is greater than d< 

Because a is greater than o, and b is any other magnitude, a has to b 
a greater ratio than c to b (▼• 8) : but, as a is to b so is c to d j there- 
fore also c has to d a greater ratio than c has to b (v. 13). But of two 
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magnitudes, that to which the same has the greater ratio is the lesser 
(y. 10). Wherefore d is less than b ; that is^ }} is greater than d* 
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fig. 1. 
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fig. 2. 
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Secondly, if a he equal to C) b is equal to d : for a is to b as c? that 
is a, is to d • b therefore is equal to d (v- 9). 

Thirdly, if a be less than c> b shall be less than d ^ for c is greater 
than a? ^^^ because c is to d ^ a is to b> d is greater than \), hy the first 
case ; wherefore b is less than d* Therefore if the first, <kc. Q. E. D. 



Proposition XY. — Theoeem, 

Ma^fnitudes houee the sa/ma ratio to one aTwther which their equirmUtiples 

h/we. 

Let ab be the same multiple of c that de is of f ; c is to f as ab 

to de. ^ 

Because ab is the same multiple of c that de is of f ; there are as 
many magnitudes in a b equal to c> ^^ there are in d 6 o 
jBqual to f: let a b be divided into magnitudes, each 
equal to c> viz. ag, gh, hb; ai^d de into magnitudes, 
each equal to £ viz. dk» kt le - then the number of 
the first ag> gb, hb> shall be equal to the number of g- 
the last dk k L 1 e : and because a g, g h, h b are all 
equal, and that dk kl> le> are also equal to one another; 
therefore ajg^ is to dk as gh to kl» and as hb to le 
(v. 7) : andas one of the antecedents to its consequent, 
so are all the antecedents together to all the coi^equents 



together (v. 12) ; wherefore, as ag is to dk so is ab 
to de t but ag is equal to c, ana dk to f : therefore, 
as c is to f so is a b to de* Therefore magnitudes, &c. 



bee 

Q. E. D. 
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Pbopositioh XYI. — ^Thbobsk. 

I/fowr magnitudea of the same kind he proportiondh, they shall abo he 

propoHionale when tahm aUemcUdy. 

Let the four magnitudes 89 bj Cy d be proportionals, viz. as a is to b, so 
is c to d : they shall also be proportion^ when taken alternately ; that is, 

a is to Cy &8 b to d* 

Take of a &nd b ^^7 equimultiples whatever e and f ; and of c ai^d d 
take any equimultiples whatever g and h ' and because e is the same mul- 
tiple of a that f is of b> c^ud that magnitudes have the same ratio to one 
another which their equimultiples have (v. 15) ; therefore a is to b? as 6 

^ «»_ is to f ; but as a is to b? so is 

^ C to d ; wherefore as c is to d^ 

a c ^ (^* ^^) is e to f : again, be- 

cause g, n are equimultiples of 

P d c d} as c is to d so is j^ to b. 

•^ - (v. 15) : but as c is to f so is 

* " *^ : e to f. Wherefore, as e is to 

f so is g to h (v. 11). But when four magnitudes are proportionals, if 
the first be greater than the third, the second shall be greater than the 
fourth j and if equal, equal ; if less, less (v. 14). "Wherefore, if e be 
greater than g, f likewise is greater than h j and if equal, equal ; if less, 
less ; and ^ fare any equimultiples whatever of a> b ; and g, h any what- 
ever of c d< Therefore a is to c as b to d (v. def. 5). If Uien four mag- 
nitudes, &c, Q. E. D. 



Pkoposition XVII. — ^Theobem. 

1/ magrdtudee, taken jointly, he proportionals, they shaU also he proportionate 
when taken sepa/rat^ ; thaJt is, i/ttoo magnitudes together ha/oe to one of 
them the same ratio which two others have to one of these, the remaining 
one of the first two shaU ha/ve to the other the same raJbio which the refmain- 
ing one of the last Pwo has to the other of these. 

Let ab? be^ cdf df be the magnitudes taken jointly which are propor- 
tionals j that is, as a b to be ^o is cd to df : they shall also be propoi^- 
tionals taken separately, viz. as a 6 to e b^ so is c f to f d- 

Take of ae? eb> c£ fd any equimultiples whatever gh* hk llll> 
mil : and again, of eb? fd take any equimultiples whatever kx» Up : 
and because gh is the same multiple of ae that hk is of eb? wherefore 
gh is the same multiple (v. 1) of ae that gk is of ab : but gh is the 
same multiple of ae that Im is of cf; wherefore gk is the same mul- 
tiple of ab that Im is of cf. Again, because Im is the same multiple 
of cf that mn is of fd; therefore Im is the same multiple (v. 1) of cf 
that 1 n is of c d : but 1 m was shewn to be the same multiple of c f that 
gk is of ab; gk therefore is the same multiple of ab that In is of 
C d j *bat is, ^k, \xL are equimultiples of ab^ cd- Next, because h k is 
the same multiple of e b that m H is of f d j and that k X is also the same 
multiple of eb that np is of f di therefore hx is the same multiple (v. 2) 
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of 6 by ^^utt m p 18 of f d* And became ab is to 
beascdistodf and that of ab <^d c d> gli 
and In are equimidtiplesy and of eb an<^ fd> BZ 
and m p ai% equimultiples ; if g k bo greater than 
hXy then In is greater than mp; and if equal, 
equal ; and if leB% less (v def. 5) j but if g h bd 
greater than kz* by adding the common part hk 
to both, gk is greater than kx ; wherefore also . n 
is greater than m p ; and by taking away m n ^m 
both, Im is greater than up * tharefore, if gh. be 
greater than k Z* 1 m is greater than n p. in like 
manner it may be demonstrated, that if g^ be equal 
to k Zy 1 in likewise is equal to n p j &i^d if less, less : 
and gib Im are any equimultiples whatever of 
aOy c£ ai^d kZ) up are any whatever of eb> fd* 
Therefore (y,def,5), as ae is to eb. so is of to fd- 
If then magnitudes, kc. Q. E. D. 



k 
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Proposition XVIII. — Theorem. 

If rrvaginntudesy taken sepwraJbdy^ he proportionals^ they ahaU ailso he propor-- 
tiomds when taken jointly, that is, ifthejvrst he to the second as the tlwrd 
to the fowrth, the first amd second together shaU he to the second as the 
third andfowrth together to thefowrth. 

Let ae^ eb; c£ f d be proportionals j that is, as a 6 to eb? so is of to 
f d ; they shall also be proportionals when taken jointly ; that is, as ab 

tobe, socdtodf. 

Take ofab? bo» cd^ df cuay equimultiples whatever gb? hk Im* 
m n : and again, of b 0? d £ take any equimultiples whatever k 0? n p : 
and because k 0? H p ^o equimultiples of b 0» d f ; c^d that k b? n m are 
equimultiples likewise of bo» d£ if kOi the multiple of be? be greater 
than kb« which is a multiple of the same be? 
up likewise the multiple of d£ shall be greater 
than mn, the multiple of the same df > sjad if 
k he equal to k b« n p shall be equal to n m j 
and if less, less. 

First, let k J^ot be greater than k h> there- 
fore np is not greater than n m : and because 
gb? h£ ^'^ equimultiples of ab? be? ^^^ that 
ab is greater than be? therefore gh is greater 
(v. aac. 3) than h k j but k is not greater than 
K h* wherefore g h ^ greater than k 0- Ii^ like 
manner it may be shewn, that Im is greater than 
n p. Therefore, if k be not^ greater than k h» 
then gh, the multiple of ab? is always greater Ch 

than kOi the multiple of be j and likewise In^, 
the multiple of c <L greater than n p, the mul- 
tiple of d£ 
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Next, let ko ^© greater than kh t therefore, as has been shewn, np 



106 



THE SIiEICEirrS OF EtTC!Iin>, 



k- 



e 



m 



e- 



is greater than nm : and because the whole gh is the game multiple of 
the whole ab? that hk is of be> the remainder gk is the same multiple 

of the remainder a 6 that gh. is of ab {y* B) : 
which is the same that 1 m is of c d* In like 
manner, because Im is the same multiple of c d« 
that m n is of d£ the remainder In is the same 
multiple of the remainder c £ that the whole 1 m, 
is of the whole c d (v. 5) : but it was shewn that 
Im is the same multiple of cd> that gk is of 
a e j therefore g k is the same multiple of a Oy 
that In is of cf; that is, gk, In are equimul- 
tiples of aC) cf : and because ko> np^ are equi- 
multiples of be^ d£ if from ko^np? there be 
taken kh^ nm, which are likewise equimultiples 
of be? d£ the remainders hO; mp are either 
equal to bO) d£ or equimultiples of them (v. 6), 
First, let ho* mp ^® equal to be^ df ; and because a 6 is to eb? as cf to 
fd, and that gfc In are equimultiples of ae, cf ; gk shall be to eb> aa 
In to fd(v. 4 cor.) : but ho is equal to eb, and mp to f d; wherefore 
gk is to ho, as In torn p. If therefore gk be greater than ho, Tn is 
greater than m p j *"^^ i^ equal, equal ; and if less, less (5 ace.). 

But let ho, mp ^® equimultiples of eb, fd; and because a e is to 
eb, as of to f d, and that of e, cf are taken equimultiples gk. In ; and 
of e"]bf f d, the equimultiples h 0, m p; if g k he greater than h 0, In is 

greater than m p j and if equal, equal ; and if 
less, less (v. de/75) ; which was likewise shewn 
in the preceding case. If therefore gh be 
greater than k o, taking k h from both, g k is 
greater than h j wherefore also 1 n is greater 
than mpj and consequently adding nm to 
both, 1 ni is greater than n p : therefore, if g h 
be greater than k 0, 1 m is greater than n p. 
In like manner it may be shewn, that if gh be 
equal to k 0, 1 m is equal to n p ; and if less, 
less. And in the case in which ko is not 
greater than kh, it has been shewn that gh is 
always greater than k 0, and likewise Im than 
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C d to df If then magnitudes, <kc. Q. E. D. 



np : but gh, Im are any equimultiples of 
a b> C d, and k 0, n p are any whatever of b 6, 
df ; therefore (v. cfe/. 5), as a b is to be, so is 
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Peopositton XIX. — Theorem. 

If a whole magnitude he to a whole as a magnitude taken from the first ia 
to a magnUvde taken from the other ^ the remainder shall be to the re^ 
m^inder a^s the whole to the whole. 

Let the whole a b l>e to the whole d? as a 6) a magnitude taken from 
ab; to c£ a magnitude taken from cdj the remainder eb a 
shall be to the remainder f d> as the whole ab to the whole cd- 

Because ab is to cd? as ae to cfj likewise, alternately 
(v. 16), b a is to ae> as d C to c f ; and because if magnitudes, 
taken jointly, be proportionals, they are also proportionals e|* 
(v. 17) when taken separately ; therefore, as b 6 is to ea» so is 
d f to f c, and alternately, as b 6 is to d £ so is e a to f c ; but, 
as a e to c£ so, by the hypothesis, is ab to c d-' therefore also 
b e^ the remainder, shall be to the remainder d f as the whole 
a b to the whole c d- Wherefore, if the whole, &c. Q. E, D. 

OoR. If the whole be to the whole, as a magnitude taken "L i 
from the first is to a magnitude taken from the other, the 
remainder likewise is to the remainder, as the magnitude taken from the 
first to that taken from the other. The demonstration is contained in the 
preceding. 



Proposition E. — ^Theorem. 

If four rrvagnitnides he proportionals, they are also proportionals 
sion : thai is, the first is to its excess above the second, as the 
third to its excess above thefoiurth. 

Let ab be to be> as cd to df ; then ba is to a 6^ as dc 
tocf 

Because ab is to b e> as cd to d£ by division (v. 17), a 6 
is to e b> as c f to f d ; and by inversion (v. B.), b 6 is to e a 
as df to f c. Wherefore, by composition (v. 18), b a is to a 6 
as dc is to c£ If^ therefore, four magnitudes, ka. Q. E. D. 
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Pboposition XX Thxosem. 

I J ihart he three magmiudea, cmd other three, which, taken two cmd two, have 
the mme ratio ; if the first he greater than the third, the fawrth ehaU be 
greater iham> the nxth, and ifequaZ, equal ; amd if lees, leas. 

Let a^ b? C 1^ three magnitudes^ and d» e> f other three, 
ifhich^ taken two and two^ have the same ratio^ yiz. as a ^ 
to 1), so is d to e j and as b to c? so is e to f. If a ^ 
greater than c» d shall be greater than f ; and if eqnal^ equal ; 
and if less, less. 

Because a is greater than q, and b is any other magni- 
tude, and that the greater has to the same magnitude a 
greater ratio than the less has to it (v. 8) ; therefore a has 
^ to b & greater ratio than c has to b j hut as d is to e? so is 
£ a tob ; therefore (v. 13) d has to e a greater ratio than c 
to b j c^d because bistoo^asetofbj inversion, c ^s to 
b, as f is to e ; and d was shewn to have to e & greater 
ratio than c to b j therefore d has to e a greater ratio than 
f to e (^' 13. cor,). But the magnitude which has a greater 
ratio than another to the same magnitude, is the greater of the two (v. 10) ; 

d is therefore greater than f. 

Secondly, let a be equal to c j d shall be 
equal to f. Because a c^d c are equal to one 
another, a is to b as c is to b (▼• 7) : but a is 
to b as d to e j and cistobasftooi 
wherefore d is to e as f to e (v. 11) ; and 
therefore d is equal to f (v. 9). 

Next, let a he less than c j d shall be less 
X than f ; for c ^s greater than a» and, as was 
shewn in the first case, cistob^asftoQ, and 
in Hke manner, b is to a» as e to d j therefore 
f is greater than d^ by the first case ; and 
therefore d is less than f. Therefore, if there 
be three magnitudes^ &c. Q. E. D. 
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d 
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Proposition XXI. — ^Theorem. 

If there he three magnitudes, a/nd other three, which have the same ratio 
taken tvx> a/nd two, but in a cross order ; ^ the first magnitude he greater 
than the third, the fourth shaJd he greater than the sioOh ; and ^ equal, 
equal; and if less, less. 

Let a» b> C he three magnitudes, and d» e> f other three, which have the 
same ratio, taken two and two, but in a cross order, viz. as a is to b? so 
is e to £ and as b is to Cy so is d to e< If a be greater than c d shall be 
greater than f ; and if equal, equal j and if less, less. 

Because a is greater than c, and b is any other magnitude, a has to 
b a greater ratio (v. 8) than chastob:hutaseisto£ soisatob: 
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therefore (v. 13) e has to f a greater ratio than c to b. And beeause b id 
to c as d to 0y by inyersioni cistob&sotod: and e was shewn to have 
to f a greater ratio than c to b ; therefore e has to f a greater ratio 
than 6 to d (▼• 13. ear.) ; but the magnitude to which the same has ft 
greater ratio than it has to another^ is the lesser of the two (v. 10) : f there* 
fore is less than d i that is, d is greater than f. 

Secondlji let a be equaJ to c ; d shall be equal to f. Because a and 
G are equal, a is (v. 7) to b» as c ii9 to b : but aistob^flsetof; and 
cistol^asetod; wherefore e is to £ as e to d (^* H) ; and therefore 
d is equal to f (v. 9). 



a 

I. 



b 



d e f d 



'Next, let a be less than c * d shall be less than f : for c is greater 
than a» and, as was shewn, cistob^ asetodj and in like manner b 
is to a» as f to e ; therefore f is greater than d^ by case first ; and there- 
fore, d is less than f. Therefore, if there be three magnitudes, ifea Q. K D» 



Pboposttion XXII. — ^Theobeic 

If there he am,y rmmher of Tnagniivdes, cmd as momy others, which, taken ttoo 

. utmd two in order, horn the same ratio ; thejvrst shall htaoe to the last of 

the first fnagniiudes the same raiio which the f/rst of the others has to the 

last, N,B. — ^This is usually cited by the words *' ex ^equaU^" or " ex 

aequo." 

FiBST, let there be tbree magnitudes Ik, b^ C» and as many others d» ei> £ 

ff k m b. 1 A 
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wbich, taken two and two, have the same ratio t that is, such that a id 
to b CU9 d to e ; and as b is to C) so is e to f ; a shall be to Ci as d to f. 

Take of a and d any equimultiples whatever g and b ; and of b and 
% any equimultiples whatever k ^^^ 1 j ^>^^ ^^ C oxid f any whatever m 
and n : then, because aistob asdtoe> fti^d that fi^, b are equimultiples 
of a> i ^^^ k> 1 equimultiples of b^ 6 ; as g is to fc so is (v. 4) h to 1. 
For the same reason, k is to ni) as 1 is to n ; and because there are three 
tnagnitudes g*) k» HI) ^^^ other three b L Il» which, two and two, have 
the same ratio ; if g be greater than lib b is greater than n ; and if 
equal, equal ; and 3 less, less (v. 20) ; and g, b are any equimultiples 
whatever of a» d^ and m, n are any equimultiples whatever of c f : there- 
fore (v. def, 5), as a is to c so is d to f. 

Next, let there be four magnitudes a? b* & dt and other 
four e, £ g, b, which, two and two, have the same ratio, 
viz. as a is to b) so is e to f ; and as b to q, so f to g ; and 



a> b? & d« 



— asctodjsogtob* a shall be to d^ as e to b< 
Because a» b> & are three magnitudes, and e, £ g, other three, which, 
taken two and two, have the same ratio ; by the foregoing case, a is to o, 
as e to g : but c ^s to d> as g is to b > wherefore again, by the first case, 
aistod^as etobj and so on, whatever be the number of magnitudes. 
Therefore, if there be any number, &c. Q. E. D. 



Proposition XXIII. — ^Theobeh. 

J^ there he any rtM/mber of magnitudes , ofnd as ma/ny others, which, taken 
two and tivo, in a cross ofrd&r, home the sa/me ratio ; the first shall home to 
ihe last ofthefifrst magnitudes the sa/me ratio which the first of the others 
has to the last N.B. This is usually cited by the words ^'ex sequali in 

. proportione perturbata," or ''ex aequo perturbato." 

FiBST, let there be three magnitudes a» b^ C» and other three, d^ e* £ 

which, taken two and two, in a cross order, 
have the same ratio : that is, such that a is 
to b as e to f ; and as b is to c? so is d to e •' 
a is to C) as d to £ 

Take of a» b? d any equimultiples what- 
ever g, bb k j and of c. Oj f any equimultiples 
^ 1) C d 6 £ whatever L Dl? H '• and because g, b are 
^ 'Vk \ Ic HL n ^^l^i^^^tiples of ah and that magnitudes 

have the same ratio which their equimul-* 
tiples have (v. 15) : as a is to b? so is ff to 
b : and for the same reason, as e is to £ so 
is m to n : but as a is to b; so is e to f; 
therefore g is to b* as m is to n (v. H). 
And because as b is to c? so is d to e> and 
that b^ k are equimultiples of b; d^ and \ m 
of c> e ; as b is to 1, so is (v. 4) k to m : 
and it has been shewn that g is to b> as m 
to n : then, because there are three magni* 
tudes g, bb L and other three fc m* lb which 
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have tlie same ratio taken two and two in a cross order ; if g be greater 
than 1, k is greater than n : smd if equal, equal ; and if less, less (y. 21) ; 
and g, k £u:e any equimultiples whatever of a» d > &i^d L IL saij whatever 
of Cj f ; as therefore a is to & so is d to f. 

Next, let there be four magnitudes a? b) C> d? and other 
four e, £ ff, h, which, taken two and two in a cross order, 
have the same ratio, viz. atob asgtoh; btocas f to 
g ; and c to d as e to f. a is to d as e to h- 

Because a> b^ C are three magnitudes, and f g, h. other three, which, 
iaken two and two in a cross order, have the same ratio ; by the first case, 
a is to Cj as f to h j but c is to d? as e is to f : wherefore again, by the 
first case, a is to dj as e to b ^ and so on, whatever be the number of mag-* 
hitudes. Therefore, if there be any number, &c. Q. E. D. 




Pkoposition XXIV. — ^Theorem* 

Ifths first hi8 to the second the same ratio which the third has to thefyurth, 
amd the fifth to the second the same ratio which the siocth has to thefowrth ; 
thefi/rst and fifth together shall home to the second the sanne ratio which the 
third and sixth together haA>e to the fourth. 

Let ab the first, have to c the second, the same ratio which de the third 

has to f the fourth ; and let b g the fifth have to c 

the second, the same ratio whidi eh. the sixth has S 

to f the fourth ; a g> the first and fifth together, shall 

have to c the second, the same ratio which d Yh the 

third and sixth together, has to f the fourth. . 

Because bg is to t5, as eh to f ; by inversion, c ' 
is to bg> as f to eh ' and because, as ab is to c? so 
is d e to f : and as c to b g) so f to eh ^ ^^ cequali 
(v» 22), ab is to bg> as 3.6 to eh i and because 
these magnitudes are proportionals, they shall like- 
wise be proportionals when taken jointly (v. 18) j as 
iherefore ag is to gb> so is dh to he • hut as gb 
to c so is he to f. Therefore ex ceqwdi (v. 22), as 
ag is to c so is dh to f. Wherefore, if the first, &c. 
Q. E. D. 

Cob. 1. If the same hypothesis be made as in the proposition, the 
excess of the first and fifth shall be to the second as the excess of the 
third and sixth to the fourth. The demonstration of this is the same with 
that of the proposition, if division be used instead of composition. 

Cor. 2. The proposition holds true of two ranks of magnitudes, what- 
ever be their number, of which each of the first rank has to the second 
magnitude the same ratio that the corresponding one of the second rank 
has to a fourth magnitude ; as is manifest. 
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Pboposition XXV. — Tbxokeu. 

IJfawr moffTvUttdeB of the same Mnd are proparUonab, the ffreateat and leaei 
qfthem together a/re greater tbih the.other ttoo together. 

Let the four magnitudes ab? C d^ e» f be proporiionfiJs^ viz. ab to c cL as 
e to f ; and let ab ^^ the greatest of them^ and consequently f the least 
(y. 14 and A.)^ ab> together with £ are greater than cd* together with q. 

Ti^e ag; equal to e» <^d ch equsd to f : then, 
because as ab istocd^soisetof; and that ag is 
equal to q, and c h equal to fabistocd^a^agto 
ch* And because ab the whole, is to the whole cd» 
as ag is to clb likewise the remainder gb shall be to 
the remainder hd^ as the whole a b is to the whole 
cd (▼• Id) : but ab is greater than cdj therefore 
(y. A.) g b is greater than h d : ai^d because a g is 
equal to e, and c h to f ; a g ai^d f together are equal 
to ch snd 6 together. It therefore to the unequal 
^ C B i magnitudes gb^ hd» of which gb is the greater, th^re 

be added equal magnitudes, viz. to gb the two a g ai^d 
£ and ch and e to h d ; ab and f together are greater than cd and e- 
Therefore, if four magnitudes, &c. Q. E. D, 






d 



Pbopositiok p. — Tmsbn'BM. 

Raiioe which aire oompovmd^ of the same raiioa are the same wUh one 

aawther, 

luEt a be to b as d to e ; and b to c as e to f : the ratio which is com* 
pounded of the ratios of a to b; and b to c, which by the de- 
finition of compound ratio, is the ratio of a to c? is the same 
with the ratio of d to £ which, by the same definition, is com- 
pounded of the ratios of d to e^ and e to £ 
Because there are three magnitudes a^ b? C> and three others d> e> £ 
"which, taken two and two in order, have the same ratio : ex cec/uali a is 
to c as d to f (y. 22). 

Next, let a be to b? as e to £ and b to c^ as d to e ; therefore, ex 
cequali in proportume pertfwrhcUa (v. 23), a is to c» as d to f j that 




is, the ratio of a to c^ which is compounded of the ratios of a to 
b, and b to c^ is the same with the ratio of d to £ which is com- 
pounded of the ratios of d to e^ and e to £ And in like manner 

the proposition may be demonstrated, whatever be the number of ratios in 

either case. 
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Proposition G. — ^Theorem. 

Ifseoeral ratios he the sa/me with several ratiaSf each to each, the reUio which 
is compounded 0/ ratios which are the sa/me with tJie first ratios, eaxih to 
each, is the same tmth the ratio compounded ofrQJt>io9 uhich a/re the samfve 
with the other ratios, each to each. 

Let a ^e to b as 6 to f ; and c to d as g to h : and let a be to b as k 

to 1 ; and c to d as 1 to m j then the ratio of k to m, by the definition of 

compound ratio, is compounded of the ratios of 

k to 1, and 1 to m> which are the same with the 

ratios of a to b? and c to d j and as e to £ so let 

n be to ; and as g to h> so let be to p j then 

the ratio of n to p is compounded of the ratios 

of n to 0, and to p, which are the same with the ratios of e to f, and g 

to h • and it is to be shewn that the ratio, of k to m is the same with the 

ratio of n to p, or that k is to m as n to p. 

Because k is to 1 as (a to b> that is^ as e to £ that is, as) n to ; and 
as 1 to m, so is (c to d, and so is g^ to b, and so is) to p : «r ceqiudi 
(v. 22) k is to m as n to p. Therefore, if several ratios, &c. Q. E. D. 
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Proposition H. — ^Theorem. 

If a ratio compounded of several ratios he the same with a ratio compounded 
of any other ratios, and if one of ih& first ratios^ or a ratio comjpounded 
of a/ay of ^ first, he the soffne with one of the last rajHos^ or with the ratid 
compounded ofa/ny of the last ; then the ratio compounded of the remmn- 
ing ratios of the first, or theremmning ratio of the first, ifhvl on^ remain, 
is the sa/me with the ratio compounded of those remaining of the hst, or 
with the remainin/g ratio of the last. 

Let the first ratios be those of a to b* b to c? C to d» d to e? and e to f ; 
and let the other ratios be those of g to b, h to k k to 1, and 1 to m ; 
also, let the ratio of a tof, which is compounded oi(def, of com/pounded 
ratio) the first ratios, be the same with the ratio 
of ^ to m, which is compounded of the other 
ratios ; and besides, let the ratio of a to d» which 
is compounded of the ratios of a to b^ b to c? C 
to d> be the same with the ratio of g to fc which 

is compounded of the ratios of g to b, and h to k * then the ratio com- 
pounded of the remaining first ratios, to wit, of the ratios of d to e/ and e 
to £ which compounded ratio is the ratio of d to £ is the same with the 
ratio of k to m, which is compounded^ of the remaining ratios of k to 1, 
and 1 to m of the other ratios. 

Because, by the hypothesis^ a is to d» as g to k? hy fnversion (v. B.),. 
distoa^asktog; and as a is to £ so is g to m ; therefore (il 22), exi 
cequaU, d is to £ as k to m. If therefore a ratio which is^ drc. Q. E.. Dl 
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Proposition K. — Theorem. 

If there he any number of ratios, and any nuniber of other ratios, siu;h thai 
the ratio compounded of ratios which are tlie sa/nie unth the first ratios, 
each to eojch, is tlie saine with tlie ratio compounded of ratios which are 
the sa/ms, eojch to ea/^hy unth the last ratios ; and if one of the first ratios, 
or the ratio which is compounded of ratios which are the same with several 
of the first ratios, each to each, he the same with one of the last ratios, or 
ivith tlie ratio compov/nded of ratios which are the same, each to each, with 
several of the last ratios ; then the ratio compounded of ratios which a/re 
the samfie with the remaining ratios of the first, each to each, or the remain- 
ing ratio of the first, if hut one remain, is the same with the ratio comr- 
pounded of ratios which are the samfie vyith tlwse remaining of the last, 
each to each, or with the remaining ratio of the last. 

Let the ratios of a to b, c to dj 6 ^^o f, be the first ratios : and the ratios 
of g to h> k to 1, m to n, to p> <1 *o r, be the other ratios. And let a 
be to b, as s to t ; and c to d> as t to v, aaid e to f, as v to x- There- 
fore, by the definition of compound ratio, the ratio of s to x is com- 
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pounded of the ratios of s to t? t to v, and v to x> which are the same 
with the ratios of a to b, c to d> 6 to f, each to each. Also, as g to It, so 
. let y be to z', and k to 1 as z to 6&, m to xi as a to 5, o to p as & to c ; 
and q to r as c to d Therefore by the same definition, the ratio of y to 
d is compounded of the ratios of y to z, Z to a, a to 5, 6 to c, and c to c^, 
which are the same, each to each, with the ratios of g to Iv, k to 1, m 
to H, to p, and q to r. Therefore, by the hypothesis, s is to x as y 
to d. Also, let the ratio of a to b> t^at is, the ratio of s to t, which 
is one of the first ratios, be the same with the ratio of e to g, which 
is compounded of the ratios of e to yj and fto g, which, by the hypothesis, 
are the same with the ratios of g to h and k to 1, two of the other ratios; 
and let the ratio of h to I be that which is compounded of the ratios of h 
to k, and k to I, which are the same with the remaining first ratios, viz. of 
C to dj and e to f ; also, let the ratio of m to p be that which is com- 
pounded of the ratios of m to w, w to o, and o to p, which are the same, 
each to each, with the remaining other ratios, viz. of m to n> to p, and 
q to r- Then the ratio of A to I is the same with the ratio of m to p, or h 
is to ^ as m to ^. 
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Because e is to/ as (g to h, that is, as) y to z ; and /is to ^ as (k to 
1, that is, as) z to a : therefore, ex cequali, 6 is to ^ as y to a. And by 
tjie hypothesis, a is to b^ that is, g is to t? &s ^ to ^ ; wherefore s is to t^ as 
y is to a; and, by inversion, t is to s^ as a to y ; and s is to x? ^ y to c?; 
therefore, ex cequali, t is to x^ as a to d. Also, because A is to A; as (c to 
cL that is, as) t to V ; and k is to I, as (e to £ that is, as) v to x ; there- 
fore, ex cequali, A is to ^, as t to x* Iii ^^6 manner, it may be demon- 
strated that m is to ^, as a to c? : and it has been shewn that t is to x as 
atod; therefore (v. 11) A is to I, as m to p, Q. E. D. 

The propositions G and K are usually, for the sake of brevity, expressed 
in the same terms with propositions F and H : and therefore it was prpper 
to shew the true meaning of them when they are so expressed ; especially 
since they are very frequently made use of by geometers. 



EXERCISES ON BOOK V. 

Theorems. 

1. If three magnitudes have the same ratio to each other, the sum of 
the first and third is greater than twice the second. 

2. The differences of magnitudes that are continual proportionals are 
proportionals also. 

3. If there be four proportional magnitudes of which the first is a mul- 
tiple of the second, then the third is the same multiple of the fourth. 
(Prove also that if the second be a multiple of the first, the fourth is the 
same multiple of the third.) 

4. If the ratio between the first and second of four magnitudes to the 
second be greater than the ratio between the third and fourth to the 
fourth, then the first has a greater ratio to the second than the third has 
to the fourth. 

5. If there be four proportional magnitudes, the ratio between the 
third and fourth is equal to, greater, or less, according as the first and second 
are equal to, greater, or less than each other. 
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DEFINITIONS. 

I. SiKiLAB rectilineal figures are those which have their several angles 
equal, each to each, and the sides about the equal angles proportionals. 





Definition I. 

II. Beciprocal figures, viz. triangles and parallelograms, are such as 
have their sides about two of their angles proportionals in such manner 
that a side of the first figure is to a side of tjxe other as the remaining side 
of this other is to the remaining side of the first. 

III. A straight line is said to be cut in extreme and mean ratio when 
the whole is to the greater segment as the greater segment is to the less. 

lY. The altitude of any figure is the straight line drawn from its 
vertex perpendicular to the base. 




Definition IV. 



Phoposition I. — Theorem. 

Triemgles mid parcMograms of the same altitude a/re one to a/nother as 

their hoses. 

Let the triangles a b C, a C d, an<i *l^e parallelograms e C C £ have the same 
altitude viz. the perpendicular drawn from the point a to b d : then, as the 
base b C is to the base C d> »<> ^^ ^^ triangle ab C to the triangle acdj and 
the parallelogram e C to the parallelogram c f 

Produce b d hoth ways to the points h, l and take any number of 
straight lines b& gib each equal to the base bc j and dfc kl any 
number of them, each equal to the base c d j and join ag* alb ak al : 
then, because cb, bff, gh ^"^ ^ ^^ ^^ triangles ahg, agb, abo, 
are all equal (i. 38) : therefore, whatever multiple the base he i» of the 
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base b Cf the same multiple is the triangle a h C of the triangle a b C* Fbr 
the same reason^ whatever multiple the base 1 c is of the base c d) the same 
multiple is the triangle a 1 C of the triangle a d C • t^<^ if the base h C be 
equal to the base cL the triangle ahc is also equal to the triangle alc 
(i. 38) : and if the base h C be greater than the base c L likewise the tri- 
angle ahc is greater than the triangle alc ; &nd if less^ less : therefore, 
since there are four magnitudes, viz. the two bases b C? C d* and the two 
triangles a b C> a C d j and of the base b Cy and the triangle a b C^ the first 
and third, any equimultiples whatever have been taken, viz. the base b C 




1l S b c 



and triangle a b C ; and of the base c d and triangle a C d» the second and 
fourth, have been taken any equimultiples whatever, viz. the base c 1 and 
triangle a 1 C ^ and that it has been shewn, that if the base h C be greater 
than the base c L the triangle a b C is greater than the triangle a 1 C j and 
if equal, equal ; and if less, less : therefore (v. def, 5), as the base b C is 
to the base c d» so is the triangle a b C to the lariangle a G d- 

And because the parallelogram c 6 is double of the triangle ab C (i- 41), 
and the parallelogram cf double of the triangle ac d» and that magnitudes 
have the same ratio which their equimultiples have (v. 15) ; as the triangle 
a b C is to the triangle a C d) so is the parallelogram e c to the parallelogram 
C f ; and because it has been shewn, that as the base b C is to the base 
C d; so is the triangle a b C to the triangle a C d j and as the triangle ab C 
is to the triangle a C d» so is the paralldogram e C to the parallelogram c f ; 
therefore, as the base b C is to the base c d» so is (v. 1 1) the parallelogram 
e C to the parallelogram c f- Wherefore, triangles, <fec. Q. E. D. 

Cor. From this it is plain, that triangles and parallelograms that have 
equal altitudes are one to another as their bases. 

Let the figures be placed so as to have their bases in the same straight 
line ; and having drawn perpendiculars fi"om the vertices of the triangles 
to the bases, the straight line which joins the vertices is parallel to that in 
which their bases are (i. 33), because the perpendiculars are both equal 
and parallel to one another. Then, if the same construction be made as in 
the proposition, the demonstration will be the same. 
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Proposition II. — ^Theobem. 

If a strmght line he dravm paraUd to one of the sides of a triangle, it shall 
cut the other sides, or these produced, proportionaUy ; cmd if the sides, or 
the sides prodtuxd, be cut proportionaU]/, the straight line which joins the 
points of section shaU be parallel to the reimaining side of the triangle. 

Let d 6 be drawn parallel to b C? one of the sides of the triangle a b C : b d 

isto da? asceto ea. 

Join b 69 C d ; then the triangle b d 6 is equal to the triangle c d 6 
(i. 37), because they are on the same base de^ ^.nd between the same 
parallels d 6? b C- ^^t a d 6 ^s another triangle, and equal magnitudes have 
to the same the same ratio (v. 7) ; therefore, as the triangle b d 6 to the 
triangle a d 6) so is the triangle C d 6 to the triangle a d O? hut as the tri- 
angle bde to the triangle ade> so is (vi. 1) bd to da> because having 
the same altitude, viz. the perpendicular drawn from the point e to a bj 






they are to one another as their bases ; and for the same reason, as the 
triangle c d 6 to the triangle a d 6) so is c 6 to e a- Therefore, as b d to 

d a» so is c e to e a (^< 1 1)- 

Next, let the sides ab> ac^ of the triangle abc> or these produced, be 
cut proportionally in the points d^ e> that is, so that b d be to da as' C e to 
6 a? and join d e ; d 6 is parallel to b C* 

The same construction being made, because as b d to d a* so is c 6 to 
6 a } ^^^ as b d to d a> so is the triangle b d 6 to the triangle a d 6 ("^^ 1) > 
and as c 6 to e a? so is the triangle c d 6 to the triangle a d 6 j therefore 
the triangle b d 6 is to the triangle a d 6) as the triangle c d 6 to the tri« 
angle a d 6 j that is, the triangles b d 69 C d 6 bave the same ratio to the 
triangle a d 6 ; and -therefore (v. 9) the triangle b d 6 is equal to the tri- 
angle c d e j and they are on the same base d • but equal triangles on the 
same base are between the same parallels (i. 39) ; therefore d 6 is parallel 
to b C« Wherefore, if a straight line, &c. Q. E. D. 



Pboposition III. — ^Theorem. 

If the angle of a tria/ngle be divided into ttoo equal angles by a straJight line 
which also cuts the base^ tJie segmisnts of the base shaU have the same 
ratio which the other sides of the triangle have to one cmother ; and if the 
segments of the base ha/ve the same ratio which the other sides of the tria/ngle 
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ha/i>e to one cmothsr, the ^aigM line drcvimvfrom the vertex to the point 
of section divides the vertical cmgle into two equal angles. 

XiET the angle b a C of any triangle a b C be divided into two equal angles 
by the straight line a d ^ b d is to d C as b a to a C- 

Through the point c draw ce parallel ^i. 31) to da> ^^^ let ba pro- 
duced meet C 6 i^^ 6 > because the straight line a C nieets the parallels a d? 
ec, the angle aCO is equal to the alternate angle cad (i. 29) : but cad) 
by the hypothesis, is equal to the angle 
T3ad; wherefore bad is equal to the 
angle acC- Again, because the straight 
line b a 6 meets the parallels a d? 6 C? ^be 
outward angle bad is equal to the 
inward and opposite angle a 6 C '- but the 
angle a C 6 has been proved equal to the 
angle bad; therefore also a C 6 is equal 
to the angle aec? &i^d consequently the |^ 
side a e is equal to the side a C (i- 6) : 
and because a d is drawn parallel to one of the sides of the triangle b C e> 
viz. to eC; bd is to dC; AS ba to ae (vi. 2), but ae is equal to a-Cr 
therefore as b d to d Cj so is b a to a C (v. 7). 

Let now b d be to d C? ^ b a to a C? Sknd join a d } the angle b a C is 
divided into two equal angles by the straight line a d- 

The same construction being made ; because, as b d to d C? so is b a 
to a C ; and as b d to c d so is b a to a e (vi. 2), because a d is parallel to 
ecj therefore ba is to aCj as ba to a 6 (v. 11) ; consequently a C is 
equal to a 6 (v. 9), and the angle ao C is therefore equal to the angle a C 6 
(i. 5) : but the angle a 6 C is equal to the outward and opposite angle bad ; 
and the angle a C 6 is equal to the alternate angle cad (i- 29) : where- 
fore also the angle b a d is equal to the angle cad; therefore the angle 
b a C is cut into two equal angles by the straight line a d« Therefore, if 
the angle, &c. Q. E. D. 




Proposition A. — Theorem, 

If the oviwa/rd angle of a triangle made b^ prodticing one of its sides he 
divided into two equal angles hy a straight line which also cats the hose 
produced, the segments betiveen Hie dividing line and the extremities of the 
base have the same ratio which tlie other sides of the triangle have to one 
another ; and if the segments of the ba^se produced ha/ve the same ratio 
which the otiier sides of the triangle have, tlve straight line dra/umfrom the 
vertex to the point of section divides the outwa/rd angle of the triangle into 
two equal angles. 

Let the outward angle cae of any triangle abc be divided into two 
qual angles by the straight line a d which meets the base produced in 

: b d is to d C? as b a to a c« 

Through c draw cf parallel to ad (i. 31) ; and because the straight 
line ac nieets the parallels ad» c£ the angle acf is equal to the alternate 
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angle c a d (i- 29) : but c a d is equal to the angle d a 6 {^I/p) ; therefore 
abo d a 6 IS equal to the angle a C f Again, because the straight line fa 6 

meets the parallels a d» f & the outward 
fuigle d a 6 is equal to the inward and 
opposite angle c fa - but the angle a C f 
has been proved equal to the angle 
t^'^^^ / \ d a 6 ; therefore also the angle a C f is 

equal to the angle cfa? <^^ conse- 
quently the side af is equal to the side 
d ac (!• 6) : ftnd because ad is parallel 
to f c a side of the triangle b C £ b d is 
to dC; as b a to af (vi. 2) ; but af is equal to ac j <^ therefore bd is to 

d& soisbato ac- 

Let now bdbetodcasbato ac? <tnd join a d ; the angle c a d is 
equal to the angle da 6* 

The same construction being made, because bdistodcasbatoac; 
and that b d is also to dc» as b a to af (▼i* 2) ; therefore ba is to ac as 
ba to af (v. 11) ; wherefore aC is equal to af (▼• 9), and the angle af C 
equal (i. 5) to the angle acf ' but the angle af C is equal to the outward 
angle eacL S'Ud the angle acf to the alternate angle cad j therefore also 
e a d is equal to the angle cad* Wherefore, if the outward, &c, Q. E. D. 



Proposition IV. — Theorem. 

The sides about the equal angles of equia/ngvlar triangles a/re proportionals ; 
a/nd those which a/re opposite to the equal ambles are hoirwlogous sides, that 
is, a/re the antecedents or consequents of the ratios. 

Let abC; dee he equiangular triangles, having the angle abc equal to 
the angle d C O? &nd the angle a C b to the angle d 6 C9 ai^d consequently 
(i. 32) the angle b a C equal to the angle c d 6- l^he sides about the equal 
angles of the triangles a b C? d C 6 slt^^ proportionals ; and those are the 
homologous sides which are opposite to the equal angles. 

Let the triangle d C 6 be placed so that its side c e ^^J he contiguous 
to b C) and in the same straight line with it : and because the angles ab C9 

acb> are together less than two right angles 
f (i. 17), abc and dec, which is equal to acb, 

are also less than two right angles ; wherefore 

b a» e d produced shall meet (i. ax. 12) ; let 

^1 ^ them be produced and meet in the point f ; 

^ and because the angle abc is equal to the 

angle d C e, b f is parallel to c d (i- ^^)' Again, 
because the angle acb is equal to the angle 
dec, ac is parallel to fe (i. 28) : therefore 
^ e^^^^^*^^ parallelogram, and consequently af 

^ is equal to ci ^^ ac to fd (i. 34) : and 

because a C is parallel to f e, one of the sides of the triangle f b e, ba is to 
af as be to ce (vi. 2) : but af is equal to cd j therefore (v. 7), as ba 
to cd, so is bo to ce; and alternately, as ab to bc so is dc to ce* 
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Again, because cd is parallel to b£ as bc to ce» so is f d to d6 (^* 2) ; 
but f d is equal to a C j therefore, asbctoco^soisactodo^ ^^^ alter- 
nately, asbctoca? soisceto ed: therefore, because it has been proved 
that a b is to b & as d C to c 69 and asbctoca»soiscetoed» ex cequali 
(v. 22), ba is to aCj as cd to de* Therefore the sides, <&c. Q. E. D. 



Pboposition V. — ^Theorem. 

Ifths sides of two tricmgles about each of their angles he proportionals, the 
triangles shall be equia^igular, a/nd ha/ve their equal angles opposite to the 
hmnoiogous sides. 

Let the triangles abc^ dof l^ave their sides proportionals, so that ab is 
to be as do to ef; and bctoca as efto fd; and consequently, ex 
cequaliy ba toac asedto df; the triangle abc is equiangular to the 
triangle d 6 £ and their equal angles are opposite to the homologous sides, 
viz. the angle abc equal to the angle d6£ and bca to ef dL and also 

bactoedf 

At the points e, £ in the straight line e£ make (i. 23) the angle f e£f 
equal to the angle abc? and the angle ef g equal to b ca j wherefore the 
remaining angle bac is equal to the re- 
maining angle e^f (i* 32), and the triangle 9* 
a b C is therefore equiangular to the triangle 
gef; and consequently they have their 
sides opposite to the equal angles propor- 
tionals (vi. 4). Wherefore as ab to b& so ^ ^ y_ ,^ 

is g e to e f ; but as a b to b & so is d e to ^^ /* 

ef ; therefore as do to e£ so is ge to ef " ^ 

(v. 11) : therefore d 6 and g e have the same 
ratio to e £ and consequently are equal (v. 9) : g 

for the same reason, d f is equal to f g : and 

because, in the triangles de£ ge£deis equal to eg^ and ef common^ 
the two sides dO) e£ are equal to the two ge> e£ and the base df is 
equal to the base gf ; therefore the angle dei is equal (i. 8) to the angle 
g e £ and the other angles to the other angles which are subtended by the 
equal sides (i. 4). Wherefore the angle df 6 is equal to the angle gfe? 
and edf to egf : and because the angle dof is equal to the angle ge£ 
and gef to the angle abc ; therefore the angle abc is equal to the angle 
def F^^ the same reason, the angle acb is equal to the angle df 69 and 
the angle at a to the angle at d- Therefore the triangle a b C is equi- 
angular to the triangle def Wherefore, if the sides, &c. Q. E. D. 




Proposition VI. — ^Theobeh. 

If two tricmgles h(we one angle of the one equaZ to one angle of the other, 
avid the sides ahoiU the equal angles proportionals, the triangles shaU be 
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equiomgvlao', aad shall htwe those angles equal which a/re opposite to the 
homologous sides. 

Let tbe triangles ab C» def have the angle bac i^^ the one equal to the 
angle 6 d f in the other, and the sides about those angles proportionals ; 
that is, b a to a C* fts e d to d f ; the triangles ab C^ d 6 f &i*6 equiangular^ 
and have the angle ab C equal to the angle de£ and acb to d f 6- 

At the points d> £ in the straight line d£ make (i. 23) the angle fdg 
equal to either of the angles baCy edf ^ and the angle df^ equal to the 

angle a C b • wherefore me remaining 
angle at j} is equal to the remaining one 
at g (i. 32), and consequently the triangle 
abc is equiangular to the triangle dg^f; 
and therefore as 1) a to a C? so is (vi. 4) 
d to df i but by the hypothesis, as 
a to aC) so is ed to df ; as therefore 

ed to d£ so is (v. 11) gd to df; 

Tj C 6 f wherefore e d is equal (v. 9) to d ff i 

and d f is common to the two triangles 
e d £ g d f : therefore the two sides e d> d f are equal to the two sides 

f'd, df ; and the angle edf is equal to the angle gdf j wherefore the 
ase e f is equal to the base f g (i. 4) and the triangle e d f to the triangle 
gd£ and the remaining angles to the remaining angles, each to each, 
which are subtended by the equal sides; therefore the angle df g is equal 
to the angle df e> and the angle at g to the angle at e : but the angle 
df g is equal to the angle acb> therefore the angle acb is equal to the 
angle df 6 • and the angle.bac is equal to the angle edf (hyp-) ; where- 
fore also the remaining angle at b is equal to the remaining angle at &. 
Therefore the triangle a b C is equiangular to the triangle d 6 f- Where- 
fore, if two triangles, <kc. Q. E. D. 





f: 



Pboposition VTI. — Theorem. 

If two triangles have one angle of the one equal to one amgle of the other, 
and the sides about two other a/ngles proportionals, then if ea^h of the 
remmning amgles he either less, or not less, tha/n a right a/ngle, or if one 
of them be a right angle, the triangles shaU he equixmgvla/r, and ha^&& 
those angles equal aboui which tlve sides a/re proportionals. 

Let the two triangles abc, def have one angle in the one equal to one 
angle in the other, viz. the angle bac to the angle ed£ and the sidei 
about two other angles ab a def proportionals, so that ab is to bc as 
d e to e f ; and in the first case, let each of the remaining angles at c f 
be less than a right angle. The triangle abc is equiangular to the trian- 
gle de£ viz. the angle abC is equal to the angle de£ and the remaining 
angle at c to the remaining angle at f. 

For if the angles ab C, d e f he not equal, one of them is greater than 
the other : let a b C he the greater, and at the point b, in the straight 
line ab, make the angle abg equal to the angle (i. 23) def : and be- 
cause the angle at a is equal to the angle at d, and the angle a b g to 
the angle d 6 f j the remaining angle a g b is equal (i. 32) to the remaining 
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angle df 6 ' therefore the triangle abg is equi- 
angular to the triangle dof j wherefore (vi. 4) 
as ab is to }}g, so is do to e£ but as de to 
ef, so, by hypothesis, is ab to bc j therefore 
as ab tobc> so is ab to bg (v. 11) : and be- 
cause a b has the same ratio to each of the 
lines b C) b g ; b C is equal (v. 9) to b gj and ^ 
therefore the angle b g C is equal to the angle P 
b c g (i- 5) • but the angle b C ff is, by hypothesis, less than a right angle ; 
therefore also the angle b g C is less than a right angle, and the adjacent 
angle agb must be greater than a right angle (i. 13). But it was 
proved that the angle agb is equal to the angle at f ; therefore the 
angle at f is greater than a right angle : but, by the hypothesis, it is less 
than a right angle ; which is absurd. Therefore the angles abCj def 
are not unequal, that is, they are equal : and the angle at a is equal to 
the angle at d ; wherefore the remaining angle at c is equal to the re- 
maining angle at f : therefore the triangle abc is equiangular to the 
triangle def 

Next, let each of the angles at c? f be not less than a right angle : the 
triangle a b C is also in this case equi- 
angular to the triangle def- 5* 

The same construction being made, ^^ O. 

it may be proved in like manner that ./ / 

b C is equal to b g, and the angle at c ^/^1---^W S 
equal to the angle b g c ^ but the angle ^^j^-^-^"""^^ I 
at c is not less than a right angle ; 1) q 

therefore the angle bgC is not less 
than a right angle : wherefore two angles of the triangle b g C are toge- 
ther not less than two right angles, which is impossible (i. 17) ; and 
therefore the triangle abc may be proved to be equiangular to the 
triangle def as in the first case. 

Lastly, let one of the angles at c? f viz. the angle at c> be a right 
angle ; in this case likewise the triangle 
abc is equiangular to the triangle def 

For if they be not equiangular, 
make, at the point b of the straight 
line ab> the angle abg equal to the 
angle def; then it may be proved, as 
in the first case, that bg is equal to 
b C ' but the angle b C g is a right 
angle, therefore (i. 5) the angle b g C 
is also a right angle ; whence two of 
the angles of the triangle bgC are 
together not less than two right angles, 
which is impossible (i. 17) : therefore x^ 
the triangle abc is equiangular to the *^^ 
triangle def Wherefore, if two tri- 
angles, &c. Q. E. D. 
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Proposition VIIL — Theobem. 

In a right'Omgled triangle, if a perpendicular he dratvn/rom the right cmgle 
to the hose, the triem^jes on eaxk side of it are similar to the whole tri- 
cmgle and to one another. 

Let a b C l>6 a right-angled triangle, having the right angle b a C j and 
from the point a let a d b® drawn perpendicular to the base b C : the 
triangles abd> adc are similar to the whole triangle ab& and to one 
another. 

Because the angle bac is equal to the angle ad by each of them 
being a right angle, and that the angle at b is common to the two trian- 
gles abC) abdj the remaining angle 
acb is equal to the remaining angle 
bad (i- 32) : therefore the triangle a b C 
is equiangular to the triangle abd^ and 
the sides about their equal angles are pro- 
portionals (vi. 4) ; wherefore the triangles 
are similar (yi. de/. 1) : in the like man- 
ner it may be demonstrated, that the tri- 
angle a dc IS equiangular and similar to the triangle abc • and the tri- 
angles abd; acd; being both equiangular and simUar to abc» are 
equiangular and similar to each other. Therefore, in a right-angled triangle^ 
<kc. Q. E. D. 

CoR. From this it is manifest that the perpendicular drawn from the 
right angle of a right-angled triangle to the base, is a mean proportional 
between the segments of the base : and also, that each of the sides is a 
mean proportional between the base, and its segment adjacent to that 
side : because in the triangles bda»ad&bd is to da^as da to dc 
[vi. 4); and in the triangles abC) dba» bc is to ba? ^ bato bd 
[vi. 4); and in the triangles abc? acd» bc istoca» ascatocd 
[vi. 4). 

Proposition IX. — Problem. 
From a given straight Une to cut offam/y paH required. 

Let ab be the given straight line; it is required to cut off any part 

from it. 

From the point a draw a straight line ac> making any angle with ab; 

and in a C take any point d> and take a C the same multiple of a d» that 

a b is of the part which is to be cut off from it : join 
b C) and draw d 6 parallel to it : then a 6 ^^ the part 
required to be cut off. 

Because e d ^s parallel to one of the sides of the 
triangle abc^ ^z* to bc? as cd is to da» ^^ ^^ be to 
6 a (vi. 2) ; and by composition (v. 18), c a is to ad^ 
as b a to ae : but ca is a multiple of ad; therefore 
(v. D) b a is the same multiple of a 6 •* whatever part 
therefore a d is of a C? a 6 is the same part of a b : 
wherefore, from the straight line a b the part required 
is cut off. Which was to be done. 
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Proposition X. — Problem. 

To divide a given atraiglU Une similarly to a gvoen divided straight line, 
thai is, into parte that shall ham the samne ratios to one cmother which the 
jparts of the dimded given straight line have. 

Let ab l>e the straight line given to be divided^ and ac the divided 
line : it is required to divide ab similarly to ac* 

Let ac he divided in the .points d, 6 > &i^d let ab? ac he placed so as 
to contain any angle, and join bc? ^^^ through the points d? e^ draw (i. 31) 
d£ eg parallels to it; and through d draw dhk parallel to ab ^ there- 
fore each of the figures f lb h b^ is a parallelogram : 
wherefore dh is equal (i. 34) to fg, and hk to 
gb ' ai^d because h 6 is parallel to k C* one of the 
sides of the triangle dk&^cetoedysois (vi. 2) 
kb to hd : but kb is equal to bg> &nd bd to 
gf; therefore, as c 6 to ed* so is bg to gf. ^^i 
Again, because f d is parallel to eg, one of the ^/ 

sides of the triangle age^^edtoda^so is gf L 

to fa ' but it has been proved that ceistoedb k 

as bg to gf ; and as ed to da» ^ K?f ^ f* •. 

therefore the given straight line ab is divided similarly to ac* Which 

was to be done. 




Proposition XL — Problem. 
To find a third proportional to two given straight lines. 

Let ab, SiC he the two given straight lines, and let them be placed so as 
to contain any angle; it is required to find a third 
proportional to a b, A C* 

Produce ab, a C to the points d» e ; ftnd make b d 
equal to a C > <ui^ having joined b C through d draw 
d e parallel to it (i. 3 1). 

Because b C is parallel to d e, a side of the triangle 

ade, ab is (vi. 2) to bd, as ac to ce: but bd is 

equal toacj &s therefore ab toac so is ac to ce* 
Wherefore, to the two given straight lines a b^ a C, tt , 
third proportional c is found. Which was to be done. ^ 
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Pboposition XII. — ^Probleic. 

To find a f(mHh proportional to three given straight lines. 

Let Sv by C be the three given straight lines ; it is required to find a fourth 
proportional to a^ b) C* 

Take two straight lines de> d£ containing any angle edf ; and upon 

these make d g^ equal to a* g 6 equal to 
b, and d h equal to c ; and having joined 
— g h> <iraw e f parallel (i. 31) to it through 
the point e : and because gh is parallel 
to e £ one of the sides of the triangle 

de£ d^isto geasdhtohf(vi. 2); 

but d g is equal to do g 6 to b^ ai^d d h 
to c ; therefore, as a is to b^ so is c to 
h £ Wherefore to the three given 
straight lines do b) C? a fourth propor- 
tional b f is found. Which was to be 
done. 




Proposition XIII. — Problem. 

Tofimd a mean proportional between tvx> given straight lines. 

Let a b> b C he the two given straight lines : it is required to find a mean 
proportional between them. 

Place a b) b C in a straight line, and upon a C describe the semicircle 

adc> aud from the point b draw (i. 11) 
d b d at right angles to a & and join a d? dc* 

Because the angle a d C iu a simicircle 
is a right. angle (iii. 31), and because in 
the right-angled triangle a d C^ d b is drawn 
from the right angle perpendicular to the 
_ base, db is a mean proportional between 
n ab>b C the segments of the base (vi. 3. oor,) : 
therefore between the two given straight 
lines ab^ bc> a mean proportional db is found. Which was to done. 




Proposition XIV.^ — ^Theorem. 

Equal pa/raUdograms, which ha/ve one angle of the one equal to one angle of 
the other, have their sides about the equal angles reciprocaU/y proportional ; 
a/nd paraUdograms thai ha/ve one angle of the one equal to one a/ngle of 
the other, and their sides about the equal angles reciprocally/ proportional, 
a/re equal to one anotJier, 

Let ab be ^^ equal parallelograms, which have the angles at b equal, 
and let the sides db> be l>e placed in the same straight line; wherefore 
also f\^ I) g are in one straight line (i. 14). The sides of the parallelo* 
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grams ab) 1)C about the equal angles, are reciprocally proportional ; that 
is, db is to be as gb to bf. 

Complete the parallelogram f e ; and because the parallelogram ab is 
equal to b Cy and that f e is another paral- 
lelogram, a b is to f e as b C to f e (v. 7) : 
but as a b to f e, so is the base db to be 
(vi. 1) : and as b c to f e, so is the base of 
gb to bf ; therefore, as db to be^ so is 
gb to bf (v- 11)' Wherefore, the sides 
of the parallelograms a b> b C about their 
equal angles are reciprocally proportional. 

But, let the sides about the equal angles 
be reciprocally proportional, viz. as d b to 
be, so gb to bf ; the parallelogram ab is equal to the parallelogram bc- 

Because, as db to be, so is gb to bf ; and as db to be? so is the 
parallelogram ab to the parallelogram fe; and as gb to b£ so is the 
parallelogram b C to the parallelogram f e ; therefore as ab to f e, so is b C 
to f e (v. 11) : wherefore the parallelogram ab is equal (v. 9) to the paral- 
lelogram b C* Therefore equal parallelograms, «fec. Q. K D. 




Proposition XV. — Theorem. 

Equ(d triangles, which have one angle of the one equcd to one angle of the 
other, have their sides about the equal angles reciprocally proportional ; 
and triangles which have one angle in the one equal to one angle in the 
other, and their sides c^aiU the equal angles redprocaUy proportional, are 
equal to one another. 

Let ab C; a d e be equal triangles, which have the angle b a C equal to the 
angle d a e > the sides about the equal angles of the triangles are recipro- 
cally proportional ; that is, c a is to a d» as e a to a b- 

Let the triangles be placed so that their sides ca? ad be in one 
straight line ; wherefore also ea and ab are in one straight line (i. 14) ; 
and join bd- Because the triangle abc is 
equal to the triangle a d e? and that a b d is 
another triangle ; thierefore as the triangle 
cab) is to the triangle b a d» so is the triangle 
ead to triangle dab (v. 7): but as tri- 
angle cab to triangle bad» so is the base 
C a to ad (vi. 1) ; and as triangle ead to 
triangle d a b; so is the base e a to a b (vi. 1) : 
as therefore c a to a d> so is e ^ to a b (v. 1 1) ; « 
wherefore the sides of the tnangl^ abc» 
a d e about the equal angles are reciprocally proportional. 

But let the sides of the triangles abc> ade about the equal angles be 
reciprocally proportional, viz. ca to ad) as ea to abj the triangle 
abc is equal to the triangle adO- 

Having joined b d as before ; because, ascato ad) so is ea toabj 
and as c a to a d) so is triangle ab C to triangle bad (vi* ^) > and as e a 
to a b) so is triangle e a d to triangle bad (vi. 1) ; therefore (v. 11) as 
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triangle bac to triangle bad> so is triangle ead to triangle bad : that 
is, the triangles bac» oad have the same ratio to the triangle bad: 
wherefore the triangle abc is equal (v. 9) to the triangle ado- There- 
fore equal triangles, Ac, Q. E. D. 



Pboposition XVI. — ^Thbobbx. 

Iffofwr straight Unes be proportionals, the rectangle contained by the eactremes 
18 equal to tlie rectaaigle contained by the means ; a/nd if the rectangle con- 
tamed by the eoctremes be equal to the rectangle contained by the means, 
the/our straight lines are proportionals. 

Let the four straight lines ab* cd> e» £ he proportionals, viz. as a b to 
cd» so e to f ; the rectangle contained hy ab* f is equal to the rectangle 
contained hy c di e* 

From the points a> Ct draw (i. 11) ag» ch &t right angles to ab> C d ; 
and make afiT ®^^^^ to f, and ch equal to e, and complete the parellelo- 
grams hgy dn j hecause, as a b to cd> so is e to f ; and that e is equal 
to ch) ^^^ f to aff; ab is (v. 7) to cd &s ch to agf- Therefore the 
sides of the parallelograms bgf» dh ahout the equal angles are reciprocally 
proportional ; but parallelograms which have their sides about equsd angles 

reciprocally proportional, are equal to 
one another (vi. 14) ; therefore t^e 
parallelogram o g^ is equal to the paral- 
lelogram dh : And the parallelogram 



e 



e 



b g is contained by the strught lines 



ab> f ; because ag is equal to f ; and 
the parallelogram dh is contained by 
C d And e ; because c h is equal to e • 
therefore the rectangle contained by the 
a» bed straight lines a by f is equal to that 

which is contained by c d ftnd e- 
And if the rectangle contained by the straight lines ab* f be equal to 
that which is contained by c d> 6 j these four lines are proportionals, viz. 

ab^stocd&setof. 

The same construction being made, because the i^ctangle contained by 
the straight lines ab? f ^s eqtfal to that which is contained by cd> O* ai^d 
that the rectangle bg ^s contained by ab^ £ because ag is equal to f ; 
and the rectangle dh hy cd> e> because ch is equal to e j therefore the 
parallelogram b g is equal to the parallelogram dh ; aiid they are equi- 
angular : but the sides about the equal angles of equal parallelograms are 
reciprocally proportional (vi. 14): wherefore, as abtocd>so is ch to 
a g ; and ch is equal to e? ^i^d ag to f: as therefore abis to cd^so is 
e to f Wherefore, if four, &c. Q. K D. 
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Pboposition XVII. — ^Theorem. 

If three straight Une8 be proportuynals, the rectangle contained by the ex- 
tremes is eqtial to the square of the mean; and if the rectangle contained 
by the extremes be equal to the square of the meam^ the three straight lines 
aire proportionals. 

Let the three straight lines a» b? C he proportionals^ viz. as a to b so b 
to c ; the rectangle contained h j a, c is equal to the square of b- 

Take d equal to b ] and hecause as a to b so b "to c^ ftiid that b ^s 
equal to d : a is (y. 7) to b as d to c : hut if four straight lines he pro- 
portionals, the rectangle con- 
tained hy the extremes is equal * 

to that which is contained by "b 

the means (vi. 16) : therefore the d 

rectangle contained by a> C is 

equal to that contained by bj d • 
but the rectangle contained by 
b, dis the square of b ; because 
b is equal to d ' therefore the 
rectangle contained by a> C is 
equal to the square of b- 

And if the rectangle contained by a^ c he equal to the square of b ; 

ia is to b ^ b is to c- 

The same construction being made, because the rectangle contained 
hy a» C is equal to the square of b» c^nd the square of b is equal to the 
reetangle contained by b* d* because b is equal to d ; therefore the rect- 
angle contained by a^ C is equal to that contained by b* d ; but if the 
rectangle contained by the extremes be equal to that contained by the 
means, the four straight lines are proportionals (vi. 16) : therefore a is to 
b as d to c j but b is equal to d y wherefore, as a too, sobtoc: there- 
fore, if three straight lines, <kc. Q. E. D. 





Proposition XVIII. — ^Thborem. 

Upon a given straight Une to describe a rectilineal figure similar , a/nd 
similarly siJtuaJted^ to a given rectilineal figu/re* 

Let a b ^^ the given straight line, and c d 6 f the given rectilineal figure 
of four sides ; it is r^uired upon the given straight line ab to describe a 
rectilineal figure similar, and similarly situated, to c d 6 £ 

Join d£ aiid at the points a» b ii^ the straight line ab make (i. 23) 
the angle b a g^ equal to the angle at c? and the angle ab g» equal to the 
Itngle cdfj therefore the remaining angle cf d is equal to the remaining 
angle a§fb (i- 32). Wherefore the triangle fed is equiangular to the trian- 
gle S^ab ' again, at the points g, b in the straight line gb* make (i. 23) the 
angle bgh equal to the angle dfe? and the angle gob equal to fde> 
therefore the remaining angle fed is equal to the remaining angle gbb« 
and the triangle f de equiangular to the triangle gbb ^ then, because the 
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angle agb w equal to the angle cfcL and hgh to dfe, the whole 
angle a g h is equal to the whole c f 6 : for the same reason, the angle a b ll 
is equal to the angle c d e ; also the angle at a is equal to the angle at c, 





and the angle ghb to fed: therefore the rectilineal figure abbg i« 
equiangular to c d 6 f : hut likewise these figures have their sides about 



bffL dfe, is fd to fe; therefore, ea; (equali (v. 22), ajg is to gb aa 
CI to fe i in the same manner it may he proved that ab is to bh as cd 
to de J a»d gh is to hb as f e to ed (vi. 4). Wherefore, because the 
rectilineal fi|ires abhg, cdef are equiangular, and have their sides 
about the equal angles proportionals, they are similar to one another 

Next, let it be required to describe upon a given straight line ab> a 
rectilineal figure similar, and similarly situated, to the rectilineal figure 

c fl It A £ 

Join d^ and upon the given straight line ab describe the rectilineal 
figure abbe similar, and similarly situated, to the quadrilateral figure 
C d e £ l>y the former case ; and at the points b, h, in the straight line 
bh, make the angle hbl equal to the angle edfcwid the angle bhl 
equal to the angle dek; therefc ^^ *-' '" ""^ ^ * 

the remaining angle at 1 : and 

similar, the angle ghb is equal _ , ^ ^ 

dek ; wherefore the whole angle gbl is equal to the whole angle f ek : 
for the same reason the angle abl is equal to the angle cdk: therefore the 



five-sided figures agblb, cfekd are equiangular; and because the figures 
a ebb Cf ed are similar, gh is to hb as f e to ed ; and as hb to hi, 
so is e d to e k (vi. 4) ; therefore, ex (squali (v. 22)g h is to hi, as fe to 
ek : for the same reason, ab is to bl as c d to dk : and b 1 is to Ih as 
(vi. 4) dk to ke, because the triangles blh, dke ore equiangular: 
therefore because the five-sided figures aghlfc cfekd are equiangular, 
and have their sides about the equal angles proportionals, they are similar 
to one another ; and in the same manner a rectilineal figure of six or 
more sides may be described upon a given straight line siiliilar to a 
given rectilineal figure, and so on. Which was to be done. 
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Proposition XIX.— Theorem. 

Similar tricmglea are to one another in the duplioate ratio of their 

homologovs sides. 

Let ab C? def be similar triangles, having the angle b equal to the angle 
e, and let ab be to bc> as d 6 to e£ so that the side bcis homologous to 
ef (v. def, 12) : the triangle abc bas to the triangle de£ the duplicate 
ratio of that which b C bas to e £ 

Take b g a third proportional to b C? of (^' H) so that bc is to ef 
as ef to bg^} aud join ga* then, because, as ab to bc* so de to ef > 
alternately (v. 16) ab is to de as bc to ef - but as bc to e£ so is ef 
to bg^ therefore (v. 11) as ab to de> so is ef to bg« Wherefore the 
sides of the triangles abg} de£ '^hich are about the equal angles, are 
reciprocally proportional : but triangles which huve the> sides about two 





equal angles reciprocally proportional are equal to one another (vi. 15) : 
therefore the triangle a b g is equal to the triangle d e f • and because as 
be is to e £ so is e f to b g ^ and that if three straight lines be propor^ 
tionals, the first is: said (v. def, 10) to have to the third the duplicate ratio 
of iheA, which it has to tiie second ; b C therefore has to b g the duplicate, 
ratio of that which bc bas to ef '. but as bc to bg> so is (vi. 1) the 
triangle abc to the triangle abg- . Therefore the triangle abc bas to 
the triangle a b g the duplicate ratio of that which b C has to e f : but the 
triangle a b g is equal to the triangle def* wherefore also the triangle 
abc bas to the triangle def the duplicate ratio of that which bc bas to 
e f Therefore similar triangles, «fec. Q. E. D. 

Cor. Prom this it is manifest, that if three straight lines be p 'opor^ 
tionals, as the first is to the third, so is any triangle upon the first to 
a similar and similarly described triangle upon the second. 



FbOPOSiTiON XX. — ^Theorem. 

Similar polygons may he divided into the sa/me nwmber ofsvrmlar triangles, 
Staving the savie ratio to one another that the polygons hcwe ; cmd the 
polygons have to one another the duplicate ratio of that which their homo- 
logons sides haoe. 

Let abcde> f ghkl be similar polygons> and let ab be the homo- 
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logous side to ffi^ : the polygons a b C d 0» tg h. k 1 n>&7 ^ divided into the 
same number oi similar triangles, whereof each to each has the same ratio 
which the polygons have ; and the polygon a b C d 6 has to the polygon 
f ghkl ^6 duplicate ratio of that which the side ab has to the side fg. 
Join be^dCifi^Llll^and because the polygon abcdo is similar 
to the polygon fghkL the angle bae is equal to the angle gfl 
(ri. def. 1). and baistoaO) asgftofl (vi. deji 1) : wherefore, because 
the triangles abo^ f g^l hare an angle in one equfu to an angle in the 
other, and their sides about these equal angles proportionals, the triangle 
abo 18 equiangular (vi. 6), and therefore similar, to the triangle fg^l 
(▼i. 4) ; wherefore the angle abo is equal to the angle fg\ : and, be- 
cause the polygons are similar, the whole angle abc is equal (vi. clef. 1) 
to the whole angle tgh. > therefore the remaining angle ebc is equal to 
the remaining angle ig^h : and because the triangles abO; fgl ^re 
similar, eb is to ba^^ Ig to gf (vi. def, 1) ; and also, because the 
polygons are similar, a b is to bc? as f g to gh (vi. def 1) ; therefore, 
ex cequcUi (v. 22) ebis tobc? ^slg to g}i: that is, the sides about 
the equal angles ebd Igb cu-e proportionals ; therefore (v. 22) the tri- 
angle ebc is equiangular to the triangle IglL And similar to it (vL 4). 




For the same reason, the triangle e C d likewise is similar to the triangle 
Ihk: therefore tibe similar polygons abcde^ fgbkl are divided into 
the same number of similar triangles. 

Also these triangles have each to each the same ratio which the poly- 
gons have to one another, the antecedents being abe^ ebc^ 6Cd> and 
the consequents fgl, Igh, Ihk'. and the polygon abcde has to the 
polygon f ghkl wie duplicate ratio of that which the side ab has to the 
homologous side f g. 

Because the triangle abe is similar to the triangle fgl, abe has to 
fgl, the duplicate ratio (vi. 19) of that which the side be has to the side 
gl : for the same reason, the trianglebec has to gib the duplicate ratio 
of that which be has to gl : therefore, as the triangle abe to the triangle 
fgl, so (v. 11) is the triangle bec to the triangle glh. Again, because 
the triangle ebc is similar to the triangle Igkebchas toljgh the 
duplicate ratio of that which the side ec has to the side lb : for the same 
reason, the triangle ecd has to the triangle Ibk the duplicate ratio of 
tiiat which ec has to lb : as therefore the triangle ebc to the triangle 
Igb, so is (v. 11) the triangle ec d to the triangle Ibk : but it has been 
proved that the triangle ebc is likewise to the triangle Igb, as the 
triangle abe to the triangle fgl. Therefore, as the triangle abe is to 
the triaiigle fgl, so is triangle ebc to triangle IgL and triangle ecd 
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to triangle 1 h k ^ ^^^ therefore, as one of the antecedents to one of the 
consequents, so are all the antecedents to all the consequents (v. 12). 
Wherefore, as the triangle abe to the' triangle fgl, so is the polygon 

a 




ab C d 6 to the polygon f ghk 1 • ^^t the triangle abe has to the trian- 
gle fgh the duplicate ratio of that which the side ab has to the homo- 
logous side f g. Therefore also the polygon a b C d 6 has to the polygon 
fgbkl the duplicate ratio of that which ab has to the homologous side 
fg. Wherefore similar polygons, Ac. Q. E. D. 

Cob. 1. In like manner, it may he proved, that similar four-sided- 
figures, or of any numher of sides, are one to another in the duplicate 
ratio of their homologous sides, and it has already been proved in trian- 
gles. Therefore, universally, similar rectilineal figures are to one another 
in the duplicate ratio of their homologous sides. 

Cor. 2. And if to ab> fg, two of -the homologous sides, a third pro- 
portional m betaken, ab has (v. def. 10) to m the duplicate ratio of that 
which ab has to f g ; but the four-sided figure or polygon upon a b has to 
the four-sided figure or polygon upon f g likewise the duplicate ratio 
of that which a b has to fg : therefore, as a b is to m, so is the figure 
upon ab to the figure upon fg, which was also proved in triangles 
(vi. 19, cor.). Therefore, universally, it is manifest that if three straight 
lines be proportionals, as the first is to the third, so is any rectilineal 
figure upon ^e first to a similar and similarly described rectilineal figure 
upon the second. 



Proposition XXI. — ^Theorem. 

Eectilineal Jigii/rea ukich a/r^ avmUa/r to the same rectiUnealfgva'e a/re also 

rnniUiT to one a/rwther. 

Let each of the rectilineal figures a^ b he similar to the rectilineal figure 
C : the figure a is similar to tibe figure b* 

Because a is similar to c? they are equiangular, and also have their 
sides about the equal angles proportionals (vL def. 1). Agaiui because b 






is similar to c> they are equiangular, and have their sides about tlxe equal 
angles proportionaJs (vi. def, 1). Therefore the figures a? b are each of 
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them equiangular to c^ And have the sides about the equal angles of each 
of them and of c proportionals. Wherefore the rectilineal figures a and b 
are equiangular (i. ax, 1), and have their sides about the equal angles pro- 
portionals (v. 11), Therefore a is similar (vi. def, 1) to b. Q. E. D. 



Pboposition XXII. — Theorem. 

Iffyu/r drcdgkt Unea be proportionaUy the simUokr rectilineal Jigures evmilarfy 
described upon them shall also be proportionals ; aaid if the similar recti- 
lineal figures similarly described upon fowr ^raighJt lines be proportioncUs, 
tlwse straight lines shall be proportionals. 

Let the four straight lines ab* cd» 6£ gh be proportionals, viz. ab to 
od}A86ftoS^b> &nd upon a bi C d let the similar rectilineal figures k a b^ 
1 C d be similarly described ; and upon e £ §f h. the similar rectilineal 
figures m £ n h; in like manner. The rectilmeal figure kab is to led 

asmf to nh« 

"^o a b) C d take a third proportional (vi. 11) z ; and to e £ g h. ft 
third proportional o : and because abistocd^seftogb, and that c d 
is (y. 11) to z as g b to ; wherefore, ex ceguali (v. 22), as ab to z, so is 
e f to : but as SU) to z> so is (vi. 20, cor. 2) the rectilineal k a b to the rec- 
tilineal 1 c d> and as ef to 0, so is (vi. 20, cor. 2) the rectilineal m f to the 
rectilineal nb. Therefore, askaotolcdySo^v. ll)isinftonb. 

And if the rectilineal kab be tolcdasniltonb; the straight line 

ab istocdaseftogb* 

Make (vi. 12)asabtocd9SO ef to p r, ai^d upon p r describe (vi. 18) 
the rectilineal figure gr similar and similarly situated to either of the 





m 



9 

\I3 



e f fir li P r 

figures in£ nb : then, because as ab to cd> so is ef to pr, and that 
upon ab> cd are described the similar and similarly situated rectilineals 
kabt lcd> and upon e£ p r> in like manner, the similar rectilineals m £ 
sr ; kab is to led, as mf to sr ; but, by the hypothesis, kab is to 
led as mfto nb; and therefore the rectilineal m f having the same 
ratio to each of the two nL sr, these are equal (v. 9) to one another : 
they are also similar and similarly situated ; therefore gb is equal to pr. 
And because as ab to ci so is ef to pr, and that pr is equal togb i 
abistocdaseftogb. K therefore four straight Imes, &c. Q. E. D. 
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Pboposition XXIII. — ^Theorem. 

Equiangular pcmiBelograma hcwe to one another the rcUio which ia com- 

pounded of the ratios o/their sides. 

Let a C> C f be equiangular parallelograms, having the angle b C d equal 
to the angle e C g • the ratio of the parallelogram a C to the parallelogram 
cf is the same with the ratio which is compounded of the ratios of their 
sides. 

Let bc> CST b^ placed in a straight line ; therefore dc &^^ C6 <ure also 
in a straight line (i. 14) ; and complete the parallelogram dfi^ i ^^^ taking 
any straight line k> make (vi. 12) as bc to c ST) so k to 1 ; and as dc to 
Ce> so make (vi. 12) Ito m : therefore the ratios of k to 1, and 1 to m, 
are the same with the ratios of the sides viz. of j t 

be to cgf and d C to c e« But the ratio of k ^ * ft 

to m is that which is said to be compounded 
(v. de/. A.) of the ratios of k to 1, and 1 to m : 
wherefore also k has to m the ratio compounded 
of the ratios of the sides. And because as b C to 
C gf so is the parallelogram a C to the parallelo> 
gram ell (vi- 1) ; but as bc to eg, so is k to 1 ; 
therefore kis(v. ll)tol,as the parallelogram 
a C to the parallelogram c h* Again, because as 
dc to ce, so is the parallelogram ch to the 
parallelogram cf ; but as dc to c 6; so is 1 to m ; 
wherefore 1 is (v. 11) to m, as the parallelogram 
C h to the parallelogram c f ^ therefore since it has been proved, that as k 
to L so is the parallelogram a C to the parallelogram c ll ; and as 1 to m, 
so the parallelogram c h to the parallelogram c f : ex vequali (v. 22\ k is 
to m, as the parallelogram a C to the parallelogram c f • but k has to m 
the ratio which is compounded of the ratios of the sides ; therefore also 
the parallelogram a C has to the parallelogram c f the ratio which is com- 
pounded of the ratios of the sides. Wherefore,- equiangular parallelograms, 
(kc. Q. E. D. 




Pboposition XXIV. — Theorem. 

The pa/raiUdogromis ab&uJt the diameter of any parallelogram are siTnilar to 

the whole and to one another » 

Let abed be a parallelogram, of which the diameter is a C ; and e S, 
b k the parallelograms about the diameter. The parallelograms e g, h k 
are similar both to the whole parallelogram a b C d, and to one another. 

Because do, gf are parallels, the angle adc is equal (i. 29) to the 
angle a gf ^or the same reason, because b C, 6 f are parallels, the angle 
abc IS equal to the angle aef ' and each of the angles bcd, 6fg is 
equal to the opposite angle dab (i* 34), and therefore are equal to one 
another: wherefore the parallelograms abcd, ftofg, are equiangular: 
and because the angle a b G is equal to the angle a 6 £ ^^^ the angle b a C 
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common to the two triangles bftC) ea£ they are equiangular to one 

- another ; therefore (vi. 4) as ab to bc^ bo is 

® ^ ae to ef • M*d because the opposite sides of 

parallelograms are equal to one another (i. 34), 

fh *^ ^^' ^^ »8 *o ad as ae to ag; and dc to 

^ cb as gf to fe; and also cd to da as f g to 

g a : therefore the sides of the parallelograms 
abcdj aefg about the equal angles are pro- 
portionals ; and they are therefore similar to one 
another (vi. clef, 1) ; for the same reason the 
parallelogram abcd is similar to the parallelo- 
gnun f hck- Wherefore each of the parallelograms go, kh is similar to 
db : but rectilineal figures which are similar to the same rectilineal figure 
are also similar to one another (vi. 21) ; therefore the parallelogram ge la 
similar to kll* Wherefore the parallelogram, &c, Q. £. D. 




Pboposition XXV. — Pboblem. 

To describe a rectxlvMol jvgwre which ahaU he simila/r to one <md eqwd to 

another given rectilineal figvre, 

I^ET a b C be the given rectilineal figure to which the figure to be described 
is required to be similar, and d that to which it must be equal. It is re- 
quired to describe a rectilineal figure similar to a b C? and equal to d- 

Upon the straight line b C describe (i. 45, cor.) the parallelogram b 6 
equal to the figure abc ; also upon ce describe (i. 45, cor,) the parallelo- 
gram cm equal to d, and having the angle fee equal to the angle cbl ' 
therefore bc and c f are in a straight line (i. 29, and i. 14), as also le and 
em : between bc and cf find (vi. 13) a mean proportional g^h, and upon 
gh describe (vi. 18) the rectilineal figure kgfl similar and similarly 





situated to the figure abc : and because bc is to gh as gb to of; and 
if three straight lines be proportionab, as the first is to the third, so is 
(vi. 20, cor, 2) the figure upon the first to the similar and similarly de- 
scribed figure upon the second ; therefore, as b C to c£ so is the rectilineal 
figure abc to kgh : but as bc to c£ so is (vi. 1) the parallelogram be 
to the parallelogram ef : therefore as the rectilineal figure abc is to 
k g L so is the parallelogram b 6 to the parallelogram e f (v- 1 1) : and the 
rectilineal figure abc is equal to the parallelogram be ; therefore the rec- 
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tilineal figure kgh is equal (v. 14) to the parallelogram ef : hat ef ^ 
equal to the figure d ; wherefore also k g^h is equal to d ; ft^d it is similar 
to a be- Therefore the rectilineal figure kgh has heen described similar 
to the figure a b & ai^d equal to d* Which was to be done. 



Peoposition XXVI. — ^Theobem. 

If two 9imUa/r pomiUdograms have a commont angle, an4 be smUasrIy 
situated, ivey a/re about the same diameter. 

Let the parallelograms abcdi aefg he similar and similarly situated, 
and have the angle dab common : abcd and aefg are about the same 
diameter. 

For, if not, let, if possible, the pa- 
rallelogram b d have its diameter a h C 
in a different straight line from a£ 
the diameter of the parallelogram e g, 
and let gf meet abc ii^ h ; and through 
b draw b k parallel to ad or b C J 
therefore the parallelograms abcd> 
ak b g being about the same diameter, 
they are similar to one another (vi. 24) : 
wherefore as d a to a b? so is (vi. de/, 1) 
ga to ak *• but because aocd and 
aefg are similar parallelograms, as b C 

da is to aby so is ga to ae ; therefore (v. 11) as ga to ae» so is ga to 
ak; wherefore g^a has the same ratio to each of the straight lines a 69 
ak ; and consequently ak is equal (v. 9) to ae> the less to the greater, 
which is impossible : tiberefore ab C d and akb g are not about the same 
diameter : wherefore abcd and a ef g must be about the same diameter. 
Therefore, if two similar parallelograms, &c. Q. E. D. 




To understand the three following propositions more easily, it is to be 
observed, 

1. That a parallelogram is said to be applied to a straight line, when 
it is described upon it as one of its sides. For example, the parallelo- 
gram ac is said to be applied to the straight line ab- 

2. But a parallelogram a 6 is said to be 
applied to a straight line a b> deficient by a 
parallelogram, when ad ^e base of a 6 is 
less than ab? and therefore a 6 is less than 

the parallelogram aC described upon ab ii^ ^ ^ 

the same angle, and between the same pa- ^ u b I 

rallels, by the parallelogram d C > and d C is therefore called the defect 

ofae. 

3. And a parallelogram ag is said to be applied to a straight line ab> 
exceeding by a parallelogram, when a f the base of a g is greater than a b? 
and therefore a g exceeds a C the parallelogram described upon a b ii^ the 
same angle, and between the same parallels, by the parallelogram b g. 
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Proposition XXVII.— Thbobbm. 

Of all paraUelograma applied to the mme straight line, cmd deficient by pc^ 
raUdograma m/mUar and similarly situaled to that which is described 
upon the half of the line, that which is applied to the half and is similar 
to its defect, is the greatest. 

Let a b ^e a straight line divided into two equal parts in q, and let the 
parallelogram a d be applied to the half a Cf which is therefore deficient 
from the parallelogram upon the whole line ab by the parallelogram ce 
upon the other half c b i of all the parallelograms applied to aay other 
parts of a b; c^d deficient by parallelograms that are similar and similarly 
situated to c 6? a d is the greatest. 

Let af be any parallelogram applied to afc any other part of ab than 

-1 I the half, so as to be deficient from the 

^ parallelogram upon the whole line a b by 

the parallelogram kb similar and similarly 
situated to c 6 ^ a d is greater than a £ 

First, let ak the base of a f be greater 
than a C the half of a b ; and because c 6 
is similar to the parallelogram k h, they 
are about the same diameter (vi. 26) ; 
draw their diameter db> and complete 
the scheme : because the parallelograin 
Cf is equal (i. 43) to fe, add kh to both, 
therefore the whole ch is equal to the 
whole k e : but c b is equal (i. 36) to c g, 
because the base ac is equal to the base cb ; therefore c ff is equal to ke : 

to each of these add cf; then the whole 
^ af is equal to the gnomon chL there- 
fore c By or the parallelogram a d| is 
greater than the parallelogram a f 

Next, let ak the base of a f be less 
than aC) and the same construction 
being made, the parallelogram dh is 
equal to dg (i- 36), for km is equal to 
m g (i. 34), because b C is equal to c a j 
wherefore dh is greater than Ig ; but 
db is equal (i. 43) to dk; therefore 
dk is greater than Ig ; to each of these 
add a 1 ; then the whole a d is greater 
than the whole af Therefore, of all 
parallelograms applied, &c. Q. E. D. 





BOOK YL PBOP. ZXVin. 



139 



Proposition XXVIII. — Problem. 

To a given straight line to apply a parcUlelogram equal to a given rectiUneal 
figwre^ and d^icient by a pa/raUehgram, similar to a given paraUelogrami ; 
but the given rectiUneal Jigure to which the paraHldogram, to he applied is 
to he ecpwl mast not he greater than the paraUdogram applied to half of 
the given Une, having its defects sUmila/r to the defect of thai which is to he 
applied, that is, to tlie given paraUdogram* 

Let ab be the giyen straight line, and c the ^ven rectilineal figure, to 
which the parallelogram to be applied is required to be equal, which figure 
must not be greater than the parallelogram applied to the half of the Une, 
haying its defect from that upon the whole line similar to the defect of 
that which is to be applied ; and let d be the parallelogram to which this 
defect is required to be 

similar. It is required to K ff O f 

apply a parallelogram to 
the straight line a b» which 
shall be equal to the figure Cj 
and be deficient from the 
parallelogram upon the whole 
line bj a parallelogram simi- 
lar to d- 

Divide a b into two 
equal parts (i. 10) in the 
point e> cuid upon eb <ie- 
scribe the parallelogram 
ebf g similar (vi. 18) and 
similarly situated to o^ and 
complete the parallelogram 
ag) which must either be 
equal to q, or greater than it, by the determination : and if a g^ he equal 
to (», then what was required is already done : for, upon the straight line 
ab) the parallelogram ag is applied equal to the figure c and deficient 
by the parallelogram e f similar to d - but, if a g be not equal to ^ it is 
greater than it ; and ef is equal to ag^; therefore e false is greater than 
C. Make (vi. 25) the paraUelogram kIixiII equal to the excess, of ef 
above c, and similar and similarly situated to d ; hut d is similar to e £ 
therefore (vi. 21) also km is similar to ef Let kl be the homologous 
side to e £^9 ^^^ 1 HI to g f ; and because e f ^^ equal to c fti^d k m together, 
ef is greater than km ; therefore the straight line eg is greater than kL 
and gf than Im : make gz equal to Ik^ ai^d go equal to Im, and cbm- 
plete the parallelogram z g o p ^ therefore z is equal and similar to k m j 
but km is similar to ef i wherefore also ZO is similar to e£ and there- 
fore zo and ef are about the same diameter (vi. 26) : let gpb he their 
diameter, and complete the scheme. Then, because e f is equal to c and 
k m together, and z a part of the one is equal to k m a part of the other, 
the remainder, viz. the gnomon e T is equal to the remainder c : and 
because o T is equal (i. 34) to z S* hy adding s r to each, the whole o b is 
equal to the whole zb : hut zb is equal (i 36) to te^ because the base 
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a e IS equal to the base eb ; wherefore also te^ equal to ob j &dcl x S to 
each, then the whole 1 8 is equal to the whole, viz. to the gnomon e r : 
but it has been proved that the gnomon ero is equal to c and therefore 
also 1 8 is equal to c* Wherefore the parallelogram 1 8> equal to the given 
rectilineal figure c is applied to the given straight line ab deficient by the 
parallelogram g r^ similar to the given one cL because 8 r is similar to e f 
(vi. 24). Which was to be done. 



Fbopositiok XXIX. — Problem. 

To a given straight Une to applt/ a pcMrcdldogrcmi equal to a given rectilineal 
Jigu/re, exceeding by a pa/raUelogram similar to another given. 

Let ab be the given straight line, and c the given rectilineal figure to 
which the parallelogram to be applied is required to be equal, and d the 
parallelogram to which the excess of the one to be applied above that upon 
the given line is required to be similar. It is required to applj a paraU 
lelogram to the given straight line a b> which shall be equal to the figure 
C exceeding by a parallelogram similar to d- 

Divide ab into two equal parts in the point e» &nd upon eb describe 
(vi. 18) the parallelogram el similar and similarly situated to d^ &iid 
make (vi. 25) the pan^elogram gb equal to el and c togetiier, and similar 
and similarly situated to d j wherefore gh is similar to el (^- 21) : let 
kh be the side homologous to fl, and kg to fe : and because the paral- 
lelogram £rb is greater than eL therefore the side kb is greater than fl, 
and kg than fe. Produce fl and fe, and make flm equal to kb> and 
f e n to k g^9 and complete the parallelogram m n ^ m n is therefore equal 







and similar to gb • but gb is similar to el : wherefore mn is similar to 
el, and consequently el and mn are about the same diameter (vi. 26) ; 
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draw their diameter fz> and complete the scheme. Therefore since g^h is 
equal to el ^^^ C together, and that gh is equal to mn ; HLH is equal to 
el and c '• take away the common part el ; then the remainder, viz. the 
gnomon noL ib equal to c* And because ao is equal to eb* the paral* 
lelogram an is equal (i. 36) to the parallelogram n b* that is, to b m (i* 43). 
Add n to each ; therefore the whole, viz. the parallelogram az» is equal 
to the gnomon n oL But the gnomon nol is equal to c ; therefore also 
ax is equal to c* Wherefore to the stndght line ab there is applied the 
parallelogram aX equal to the given rectilineal Ct exceeding hj the paral- 
lelogram pO) which is similar to d^ because po is similar to el (▼i* 24). 
Which was to be done. 



Pboposition XXX. — Pboblem. 

To cfoJt a given etrcdght line in extreme cmd mecm ratio. 

I^ET ab he the given straight line, it is required to ciit it in esLtreme aod 
mean ratio. 

Upon ab describe (i. 46) the square b C» and to ac applj the parallelo* 
gram c d> equal to b C» exceeding by the figure a d 
similar to bc (vi. 29) : but bc is a square, therefore 
also a d is a square ; and because b C is equal to c d> 
by taking the common part c 6 from eadi, the remain- 
der b f is equal to the remainder ad; and these figures ft 
are equiangular, therefore their sides about the equal 
angles are reciprocally proportion al (vi. 14) : wherefore, 
as f e to e d> so is ae to eb : but f e is equal to ac (i* 34), 
that is, to ab ; aud ed is equal to ao • therefore as 
ba to a0» so is'ae to eb » hut ab is greater than 
a e l wherefore a 6 is greater than e b (▼• 14). There- 
fore the straight line ab is cut in extreme and mean 
ratio in e (vL d^» 3). Which was to be done. 

Otherwise, 

Let ab be the given straight line ; it is required to cut it in extreme 
and mean ratio. 

Divide ab ii^ the point Ot so that the rectangle contained by ab^ bc 

be equal to the square of a C (ii* H) : then, because , 

the rectangle ab» bC) is equal to the square of ac ; ft c b 

Bsbatoa&so isactocb ("^^ 17^) : therefore a b 

is cut in extr^ne and mean ratio in c (vi. d^, 3). Which was to be done. 




Proposition XXXI. — ^Theorem. 

In right-imgled tricmglea the rectiUneal figure described npon th6 side oppo- 
site to the right angle is equal to the similar a/nd simikarly described figwres 
upon the sides containing the right angle. 

Let abc be a right-angled triangle, having the right angle bao 'Hie 
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rectilineal figure described upon bc is equal to the similar and similarly 
described figures upon b a) ac- 

Draw tbe perpendicular a d > therefore, because in the right-angled, 
triangle abc» ad is drawn from the n^t angle at a perpendicular to the 
basebC) the triangles abd> adc are similar to the whole triangle ab& 
and to one another (vi. 8), and because the triangle abc is similar to 
abd > M cbtoba^ so isbatobd (▼i* ^) ; and because these three 

straight lines are proportionals, as the first 
to the third, so is the figure upon the first 
to the similar and similarly described figure 
upon the second (vi, 20, cor. 2) : therefore 
as cb to bdy so is the figure upon cb to 
the similar and similarly described figure 
upon b a • and inversely 6ir. B.). as d b to 
b 0) so is the figure upon D a to that upon 
b C* For the same reason, as d C to c by 
so is the figure upon c a to that upon cb* 
Wherefore as b d and d C together to b C» so are the figures upon b a^ a C 
to that upon be (v. 24) : but bd and dc together are equal to bc- 
Therefore the figure described on b C is equal (v. A.) to the similar and 
similarly described figures on b a^ a C* Wherefore, in right-angled tri-^ 
angles, J^c. Q. E. D. 




Proposition XXXII. — ^Theorem. 

IfVmo tricmglea which ha/ve two ddea of the one proportMnal to two sides of 
the other be Joined at one cmgkf 9o as to ha/ve their homologous sides pa^ 
TaUd to one cmother, the remtmdng sides shixU he in a straight line. 

Let a b C) d C 6 1>9 two triangles which have the two sides b a> a C propor- 
tional to the two cd) de> ▼iz. ba toacas cdto de; and let ab be 

parallel to d C) and a to d O? b C and c 6 are in a straight line. 

Because ab is parallel to dc> and the straight line aC meets them, 

the alternate angles bac^ acd ar^ 
^ equal (i. 29) ; for the same reason, the 

angle ode is equal to the angle acd> 

wherefore also bac is equal to cdo* 

d and because the triangles abc» dce 

have one angle at a equal to one at di 
and the sides about these angles propor- 
tionals, viz. b a to a C as d to d 6) the 
triangle abC is equiangular (vi. 6) to 
^ d C 6 : therefore the angle a b C is equal 
to the angle d C 6 ^ and the angle b a C 
was proved to be equal to a C d ^ therefore the whole angle a C 6 is equ^ 
to the two angles abc^ bac; add the common angle acl]^ then the 
angles ace, acb are equal to the angles abc bac» acb : but abc 
bac» a cb are equal to two right angles (i. 32) ; therefore also the angles 
a C Oy a C b are equal to two right angles. And since at the point c> ii^ the 
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straight line ac» the two straight lines bc» ce!» which are on the opposite 
sides, of it, make the adjacent angles a C 6^ a C b equal to two right angles ; 
therefore (L 14) bc and ce a^ ^ a straight line. Wherefore, if two tri- 
angles, &C. Q. E. D. 



Proposition XXXIII. — ^Theorem. 

In equal cirdes, amgleSy whether at the centres or draumferenceay ham the 
ea/me ratio which the circum/erenoes an which they ataaid have to one 
oMother ; so also hmve the sectors, 

luVt a be? def he equal circles; and at their centres the angles bgC» 
eb£ aiid the angles bftC? ed£ at their circumferences; as the circum- 
ference bo to the circumference e£ so is the angle bgC to the angle ehfj 
and the angle bac to the angle edf '• ai^d also the sector bfi^C to the 
sector ebf- 

Take any number of circumferences c k> k L each equal to b C> ^^^ 
any number whatever f m* 11111> each equal to ef • ^^^. join gfc gl> 
bm, bll- Because the circumferences bc> cfc kl are all equal, the 
angles bgC> Cgk kgl are also all equal (iii. 27) : therefore what mul- 
tiple soever the circumference b 1 is of the circumference b C* the same 
multiple is the angle b gl of the angle bgC • for the same reason, what- 
ever multiple the circumference a 11 is of the circumference e £ the same 
multiple is the angle 6 h 11 of the angle a h f : and if the circumference 
bl be equal to the circumference ail> the angle bgl is also equal (iii. 27) 
to the angle ehn ; and if the circumference bl he greater than eil> like- 
wise the angle bgl is greater than ahn • and if less, less : there being 
then four magnitudes, the two circumferences b C> a £ and the two angles 
bgC> ahf ; of the circumference bc> and of the angle bgC> have been 
taken any equimultiples whatever, viz. the circumference bl and the 
angle bgl ; and of the circumference a£ and of the angle ell£ any equi- 





multiples whatever, viz. the circumference e n, and the angle ahn- and 
it has been proved, that if the circumference b 1 be greater than a IL the 
angle bgl is greater than ahn; and if equal, equal; and if less, less : 
as therefore the circumference b C to the circumference a £ so (v. def. 5) 
is the angle bgC to the angle ahf: but as the angle bgc is to the 
angle ah£ so is (v. 15) the angle bac to the angle adf ; for each is 
double of each (iii. 20) ; therefore, as the circumference be is to a £ 
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80 is the sBgle blTC to the angle ek£ and the angle bac to the angle 

e d f. 

Also, as the circumference bc to e£ so is the sector bgC to the 
sector ehf Join bc» ck ^nd in the circumferences bc» ck take any 
points X) Oj and join bZ)XC» COyOk** then, because in the triangles 
gb Cy g ck the two sides b g, g C are equal to the two c g> gk <^d that 
they contain equal angles ; the base b C is equal (i. 4) to the base ck ^^d 
the triangle gbc to the triangle gck ' and because the circumference 
be is equal to the circumference ck the remaining part of the whole cir- 
cumference of the circle a b C> is equal to the remaining part of the whole 
circumference of the same circle : wherefore the angle b X C is equal to 
the angle cok (iii- 27) and the segment bxc is therefore similar to the 
segment cO k (iii- def* 1^) ; and they are upon equal straight lines bOy C k ^ 
but similar segments of circles upon equal straight lines are equal (iii. 24) 
to one another : therefore the segment b X C is equal to tiie segment 
cok : and the triangle bgC is equal to the triangle cgk • therefore the 
whole, the sector bgC is equal to the whole, the sector Cgk: for the 
same reason, the sector kgl is equal to each of the sectors p gc> C gk : 
in the same manner, the sectors eh£ fhm, mhll inay be proved equal 
to one another : therefore, what multiple soever the circumference b 1 is 
of the circumference b C* the same multiple is the sector }}g\ of the sector 
b g C : for the same reason, whatever multiple the circum^rence e B. is of 
eif the same multiple is the sector ebn of the sector ehfj &^d if the 
circumference bl he equal to ciL the sector bgl is equal to the sector 





ebn ; and if the circumference bl he greater than en, the sector bgl is 
greater than the sector e hn ; and if less, less : since, then, there are four 
magnitudes, the two circumferences bc> 6£ a^d the two sectors bgC> 
ehf, and of the circumference bc, and sector bgC> the circumference 
b 1 and sector bgl are any equal multiples whatever ; and of the cir- 
cumference e£ and sector eh£ the circumference eili and sector eh lb 
are any equimultiples whatever : and that it has been proved, if the cir- 
cumference bl he greater than eiL the sector bgl is greater than the 
sector e h 11 ; and if equal, equal ; and if less, less ; therefore (v. def, 5), 
as the circumference b C is to the circumference e£ so is the sector bgO 
to the sector ehf Wherefore, in equal circles, &c. Q. E. D. 
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Proposition B. — ^Theorem. 

If a/a avgU of a tricmgU he bisected by a straight Une wMeh likewise cuts 
the base, Oie rectmigle contained by the sides of the triangle is eqtud to 
the rectcmgle contamed by the segments of the base, together mth the sqaaire 
of the straight line bisecting the angle, 

LsT a b C ^e a triangle^ and let the angle b a C be bisected by the straight 
line ad; the rectangle b ai a C is equal to the rectangle b dy ct Ci togeti^er 
with the square of a d* 

Describe the circle (iv. 5) acb ftbout the triangle, and produce ad to 
the circumference iii e^ and join e C • Then be- 
cause the angle bad is equal to the angle 
CaOy fti^d the angle abd to the angle (iii. 21) 
a 6 C» for they are in the same segment ; the 

triangles a b d^ a 6 C> are equiangular to one x.l^ • ^^ 

another : therefore as b a to ad* so is (vi. 4) 
6 a to a C» aiid consequently the rectangle b ai 
ac is equal (vi 16) to the rectangle 6a» ad 
that is (ii. 3), to the rectangle e£ da^ toge- 
ther with the square of a d : but the rectangle 
6 dy d a is equal to the rectangle (iii. 35) b dy 
d C- Therefore the rectangle b a» a is equal 
to the rectangle bd^ dCj together with the square of ad* Wherefore, if 
an angle^ <&c. Q. E. D. 




Proposition C. — ^Theorem. 

If from, a/rvy amgle of a tria/ngle a sl/raight line be dra/um perpevidicula/r to 
the base, the rectcmgle contcdned by the sides of the triangle is equal to 
the rectangle contamed by the perpendicular and the diameter of the circle 
described abotU the triangle. 

Let abc be a triangle, and ad the perpendicular from the angle a to 
the base b j the rectangle b a» a C is equal to the rectangle contained by 
ad* and the diameter of the circle described 
about the triangle. 

Describe (iv. 5) the circle a b about the 
triangle, and draw its diameter q,q, and join 
e ' because the right angle b d a is equal v 
(iii. 31) to the angle eca ii^ ft semicircle, and 
the angle ab d to the angle ao C in the same 
segment (iii. 21) ; the triangles ab d* aec &ro 
eqtdangular : tibierefore as (vi. 4) b a to a d* so 
is 6 a to a C ; and consequently the rectangle 
ba» ac is equal (vi. 16) to the rectangle ea» 
a d* If therefore from an angle, <&c Q. E. D. 
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Pkoposition D. — ^Theokem. 

The rectcmgle contained hy the diagoncds of a quadrilateral inscribed in a 
circle is equal to both the rectangles contained hy its opposite sides. 

Let abed I)© any quadrilateral inscribed in a circle, and join aCj b d j 
the rectangle contained bj a C> b d is equal to the two rectangles con- 
tained bj ab) C dj and by a d« b C* 

Make the angle abo equal to the angle dbc* add to each of these 
the common angle ebd^ then the angle ab d is equal to the angle eb C : 
and the angle bda is equal (iii. 21) to the angle bce> because they are 

in the same segment : therefore the triangle 
a b d is equiangular to the triangle b C 6 : 
wherefore (vi. 4), as b C is to c e? so is b d 
to da ; aud consequently the rectangle bc> 
ad is equal (vi. 16) to the rectangle bd, 
C 6 • again, because the angle a b is equal 
to the angle dbCj and the angle (iii. 21) 
b a 6 to the angle b d C? the triangle a b 6 
is equiangular to the triangle b C d : as 
therefore ba to ae> so is bd to dc; where- 
fore the rectangle ba» dc is equal to the 
rectangle b dj a 6 ^ hut the rectangle b c, 
a d has been shewn equal to the rectangle 
bd) ce; therefore the whole rectangle ac? bd (ii. 1) is equal to the 
rectangle a b? d Cj together with the rectangle a d; b C* Therefore, the 
rectangle, &c. Q. E. D. 
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Sect. I. — Problems. 

1. Given the base, the vertical angle, and the ratio between the two 
sides, to construct the triangle. 

2. Given the vertical angle, the perpendicular from it to the base, and 
the ratio between the segments and the base on each side of the perpen- 
dicular, to construct the triangle. 

3. Given a scalene triangle, to construct an isosceles triangle equal to 
it, and with an equal vertical angle. 

4. Given a finite straight line, to describe on it a right-angled triangle 
whose sides shall be continual proportionals. 

5. Given an angle and a point, to draw from the point a straight line 
cutting the lines that contain the angle, in such a way that the parts be- 

♦ This is a Lemma of CI. Ptolemeeus, in page 9 of his ixrfdKri avinaJ^is, 
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tweeii the vertex and the points of intersection shall have to each other a 
given ratio. 

6. Given a straight line, to divide it into two parts such that the 
square of one of the parts shall have a given ratio to the rectangle con- 
tained by the whole line and the other part. 

7. Given the first and fourth of four proportional lines and the dif- 
ference between the second and third, to find the second and third. 

8. Given a rectilineal figure, to describe a square which shall have a 
given ratio to it. 

9. Given a trapezium in which the sides about one angle are equal, 
and the sides about the opposite angle also equal, to inscribe in it a 
square. 

10. Given two similar rectilineal figures, to find a third similar recti- 
lineal figure which shall be a mean proportional between them. 

11. Given a segment of a circle, to divide it into two parts so that 
the chords of these parts shall have a given ratio to each other. 

12. To trisect a given circle. 



Sect. II. — ^Theorems. 

13. If a straight line be drawn from the vertex of an isosceles triangle 
at right angles to one of the equal sides and produced until it meets the 
base produced, either of the equal sides is a mean proportional between 
the base and one-half of the base produced. 

14. If the three sides of a triangle be bisected and straight lines 
drawn from the points of bisection to the opposite angles, they shall inter- 
sect each other in the same point. 

15. If two or more lines meet three parallel lines, they are cut propor- 
tionally. 

16. If a straight line touch two circles that also touch each other, the 
mean proportional between the diameters of the circles is that part of the 
line lying between the points of contact. 

17. If parallelograms be equiangular, the ratio between them is the 
same as the ratio between the rectangles contained by the sides about 
equal angles in each. 



THE END. 
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Seing a Companion to tj^e !Seati{ng^Soofc. 

CONSISTING OP EXTRACTS FROM ENGLISH CLASSICAL AUTHORS, I'ROH THE EARLIEST 
PERIODS OF ENGLISH LITERATURE TO THE PRESENT DAY. 

With One Hundred and Twenty fine Engravings. 

" 'The riustrated London Instnictor/ the third volume of the series, has a still 
higher aim than its predecessors — ^the teaching of the Art of Elocution, by * selections 
from the best ancient and modem authors in every branch of English composition, most 
fitted for the purpose of eliciting and strengthening the powers of reading and speaking.' 
The contents are less discursive than those of the ' Reading-Book ;' and the ' Instructor/ 
as its name implies, is more directly educational. The plan commences with an Essay on 
Elocution and Composition: though the author does not fail to enforce the importance 
of ' the oral example of a competent teacher — without which, all books professing to give 
instruction in Elocution are comparatively of little value.' The selections, about one 
hundred in number, consist of Moral and Miscellaneous Essays; Historical and Bio- 
graphical Readings; Ancient Eloquence; Natural History; and Dramatic and Poetic 
Readings. The masterpieces of English literature, by the elder authors, have supplied 
the staple of the volume ; although there is an almost equal proportion of graceful com- 
positions by living writers. These impart much novelty, whilst they do not impair the 
soundness of the papers, many of which treat of the higher branches of study. The Illus- 
trations are tasteful, various, and appropriate ; and are, perhaps, of more artistic design 
than the Engravings of the 'Reading-Book.'" — Illustrated London News. 



Just Ready, price 5s., a New and most Elegant Edition of 

THE ILLUSTRATED NEW TESTAMENT, 

With upwards of One Hundred and Twenty Engravings, beautifully bound in cloth, 
embossed and ^ilt sides, gilt edges. The illustrations are from Drawing executed 
by eminent Artists, expressly for this Edition; with Notes, Historical, Explanatory, 
and Descriptive; and embellished by a novel Panoramic Picturjb op the Holy 
Land, and a View op Lower Egyfe. 



Second Edition, price 2s., the 

ILLUSTRATED MODERN GEOGRAPHY. 

By JOSEPH GUY, Jun., 
Of Magdalen College, Oxford; Author of numerous popular Educational Works. 

Demy 8vo, with about One Hundred Engravings of Cities, Costumes, and Wonders 

of the World, &c. 
The Drawi^s are made with great care from truthful sources — ^a desideratum so 
necessary in an Elementary Geography. Nine Maps have been engraved by a patent 
process expressly for this Work, and are corrected to the present period. 

" Highly creditable to the compiler, while its woodcut illustrations of cities, scenery, 
costume, native products, and the like, do honour to the publishers, and cannot £Ebil to 
impress the facts more vividly and enduringly on the minds of the pupils." 

FiFESHiBB Journal. 

" This veiy attractively illustrated volume is written by Mr. Joseph Guy, of Magdalen 
Hall, Oxford, and is consequently a reliable text book. The work is marvellously cheap, 
and, as we have said, exceedingly attractive in its profuse expository and illnstrative 
engravings." — Birmingham Journal. 

"The present volume is beautifully 'got up,' and being carefully compiled, presents 
a complete epitome of geographical knowledge." — Tait's Magazine. 

" A class-book for young learners, l^e salient features of the geography of the 
several countries, with brief notices of their government and religion, of historical inci- 
dents, natural productions, physical characteristics, &c., are given in a concise style that 
is likely to make an impression on the mind of the pupil, the e£fect being aided by maps 
and numerous engravings." — Bristol Mebcubt. 



Second Edition, price 2s. 
THE 

ILLUSTRATED LONDON DRAWING- BOOK: 

OOMFRISINO 

9 Complete fnttotiuction to Bratotng ic Composition: 

WITH IN8TBUCTI0NS POR ETCHING ON COPPER OE STEEL, ETC. ETC., ILLUSTBATED 
WITH ABOVE 300 SUBJECTS POE STUDY IN EVEEY BEANCH OP AET. 

Edited by ROBERT SCOTT BURN. 



'* This is one of those cheap and useful publications that issue from the office of the 
' London IlluHtrated Library.' It is what it professes to be — an elementary book, in which 
the rules laid down are simple and few, and the drawings to be copied and studied are 
easily delineated and illustrative of first principles." — Globb. 

" We could point to a work selling for twelve shillings not half so complete, nor 
containing half the number of illustrations. Perhaps of sSl the books for which the 
public are indebted to the Office of the Illustrated library, this one will be found most 
extensively and practically useful.*' — ^Tait'b Maoazinb. 

" We may safely say that, so far as the elementanr principles of the delightful art 
can be taught by written instruction, this cheap and handsome text book is very well 
fitted for its task. That portion which relates to perspective and to light and shadow, is 
very carefullv written." — Bibmingham Journal. 

** The object of this book is to place within the reach of the humblest individuals the 
means by which the art of drawing, in all its varied branches, may be communicated. 
The system of instruction adopted by our author is synthetical, as he considers that it is 
expedient to master the details of an art before attempting an acquaintance with its com- 
plicated examples. The first section of the work is, in consequence, devoted to pencil 
sketching. The second to figure and object drawing. The third treats of perspective 
and isometrical clrawing. The fourth lays down rules for sketching and drawing in oil 
and water colours ; and the fifth and last gives the best mode of multiplying sketches by 
means of engravings on metal and wood. These various sections are illustrated by three 
hundred drawings and diagrams." — Britannia. 

" 'The Illustrated London Drawing Book* is a work which has long been wanted. 
The vast number of drawing books issued have been examples for a learner to copy, but 
they have always wanted a master at their side to explain the mode of commendng and 
proceeding. Most of the elementary treatises have been of a character rather to puzzle 
than to enlighten the pupil, and even drawing-masters themselves have not always been 
happy in making their pupils comprehend the lessons they have given to them. It is one 
thing to excel in an art, and quite another matter to convey Qie means by which it is 
accomplished. Too many drawing masters, being unequal to this task, work on their 
pupils' drawings, by way of showing them what they cannot communicate by language ; 
the consequence is, that after years of tuition, it rarely happens that the youth, lady, 
or gentleman, when out of the hands of their master, can make a drawing fit to be looked 
at. Mr. Scott Bum has sought to surmount this difficulty, by giving copious instructions 
vnth eveiT example, and he has done so very clearly and yet concisely ; he has made his 
book a school book, to be learned as a column of spelling, a page of grammar, or of geo- 
graphy — a most admirable idea — and it is published at a price to enable it to find its way 
into every school. We cordially and strongly recommend it, feeling that if this plan is 
carried out, it will do more to extend the progress of art than any oi^er attempt yet made 
for this purpose." — Home CiBOLB. 

" Of the numerous elementary treatises on Drawing and Perspective, this is decidedly 
one of the best, as it is by &r the most beautiful and artistic. The text is exceedingly 
plain and intelligible, and all the exercises, from the simplest line to the most elaborate 
landscape, in strict sequence and progression. The engravings are for the most part 
cleverly executed, and in such a style as can be readily imitated in chalk or pencil.^ In. 
fact, many of them, though simply woodcuts, are better adapted for the purposes of tuition 
than the majority of lithographic sketches. By its publication in the IlluBtrated School 
Series, the proprietors confer no ordinary boon on the young, and we matly miscalculato 
if it does not shortly become the universal Drawing-Book in our schools. The editor has 
arranged it into five sections — namely. Pencil Sketching; Figure and Object Drawing; 
Perspective and Isometrical Drawing; Sketching and Drawing in Crayons; and Engraving 
on Metal and Wood. Each section is profusely illustrated, the total number of illus- 
trative drawings and diagrams beine upwards of three hundred. With the exception, 
perhaps, of the 'Reading Book' and 'Instructor,* this volume is the best and cheapest 
of the series that has yet been published." — Fifeshibe Journal. 



JOHN BARNETT'S NEV EDITION 

or 

WADE'S HAND-BOOK TO THE PIANOFORTE; 

COliPSIBINO 

An Easy S.adiineiital Introduction to the Study of that Instmment, and Music 
in general ; the Art of Fingering according to the Modes of the best Masters, 
exemplified in yarious Exercises, Scales, &c., in all the Major and Minor 
Keys ; and interspersed by Selaxations from Study, consisting of Popular 
Melodibs and Enhances, and Selections from the Pianoforte Compositions 
of the most celebrated Masters; also, a Short and Easy Introduction to 
Harmony or Counterpoint, and a new Vocabulary of Terms. Demy 4to, 
neatly bound in cloth, with Engravings and Diagrams. 6s. 

..." As a manual, the book before us is decidedly commendable, and we have great 
pleasure in profiering it to Ihe attention of the pupil and student, who will find in It much 
matter worthy their most careful and serious perusal." — Musical Wobld. 
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THE FIRST SIX BOOKS OF EUCLID: 

WITH NUMEROUS EXERCISES. 
Printed on a New Flan, with accurately executed Diagrams. 



THE ILLUSTRATED PRACTICAL QEOMETRY. 

Edited by Eobebt Scott Bubn, Esq. 
Editor of the " Illustrated London Drawing-Book." 



ELEMENTARY ARITHMETIC, 

ON A NEW PLAN. 

By Hugo Ebid, Esq., late Principal of the People's College, Nottingham, and 

Author of numerous educational works. 



MECHANICS AND MECHANISM. 

By Eobebt Scott Bubn, Esq. 
With about Two Hundred and Fifty Illustrations. 



ELEMENTARY ASTRONOMY. 

By J. EussELL Hind, Esq., of the Observatory, Eegent's Park. 



EDUCATIONAL WOEZS ON 

NATURAL PHILOSOPHY, CHEMISTRY, GEOLOGY, 

&C.'&C. 



ENGLISH DICTIONARY. 



An indispentaiUe Wwkfor the School, the College, the Libra/ry, and for General Jirference. 

Id One Volame, Royal 8vo, extra Cloth, 1265 pages, Price ]6«. Strongly bound in Russia, 
marUed edges, 1/. 4<.; Half Russia, 1/.; Calf, gilt, 1/.; Half Calf, 18«. 

Second Edition, 

WEBSTER'S DICTIONARY 

OF THB 

ENGLISH LANGUAGE. 

EXHTBITINa THB OBIOIN, OBTHOORAPHT, FBONUNOIATION, AND DEFrNmON OF WORDS ; 
COMPBISmO ALSO A SYNOPSIS OF WOBDS DIFFEBENTLT PBONOUNCED BY DIFFERENT 
OBTHOEPISTS ; AND WALKEB'S KEY TO THB CLASSICAL PBONUNCIATION OF OBEEK, LATIN, 
AND BCBIFTUBE PBOPEB NAMES. 

A Vew SdltloUf Aevlsed and anlari^edf 

By C. a. GOODRICH, P&ofessor in Yale College ; 

WITH THB ADDITION OF 

A VOCABULARY OF MODERN GEOGRAPHICAL NAMES, AND THEIR 

PRONUNCIATION. 

*#* Webster's Dictionary can also be had in Eight Parts, Wrapper, price 28. 

each Fart. 



pinions of tt^t ^itss. 

"The yery handsome volume before us, a beautifuUy-printed octavo of nearly 1500 
"p&geB, is a condensation of the two-volume quarto work of Dr. Webster. The single- 
volume version is taken from the last edition of the original work, with all its improve- 
ments and additions. The plan of the abridgment is excellent ; it contains the leading 
and most important etymologies as given in the quarto edition. The definitions remain 
unaltered, except by an occasional compression in their statement. All the significations 
of words, also, as exhibited in the larger work, remain unaltered; but the illustrations and 
authorities are only inserted in doubtful and disputed cases. It will be seen by this, that 
the smaller edition has been produced mainly by the very common-sense process of omitting 
the examples in the cases of undisputed and ordinary, or, at all events, not uncommon 
words, the authenticity and correctness of the definition of which nobody ever thinks of 
doubting. The richness of the treasury of words given is immense. It includes every 
possible scientific and artistic term ; and the Doctor has been very liberal in inserting aU 
those expressions adopted from the French, and commonly used in the upper circles of this 
coimtry, as well as in recognising the semi-slangish expressions of &miliarly colloquial life. 
The definitions are very clear, and quite devoid of Johnson's occasional pedantry ; as, for 
example, let the reader 'turn up ' the definition of network in both the dictionaries. The 
number of new words not to be found in other works of the same nature is immense ; and 
in the preface it is asserted, and with truth, that thousands more could very easily have 
been added. The difficulty would appear to have been the selection. Thous^^nds of words, 
it is remarked, can be found in dictionaries which have, indeed, been proposed, but never 
adopted in the language. These, as a general rule, Dr. Webster excludes ; but he is careful 
to preserve those terms, once household words, and which have now fallen into disuse, but 
which were yet employed by the old standard writers, and a knowledge of which is neces- 
sary to understand some of the finest phases of our literature. A good many of the new 
words introduced are marked 'fomiliar,' 'colloquial,' or 'low.' The dictionary is rich in 
synonyms — a very good feature — and one on which great care has been bestowed. . . . 
To all who wish for the most complete, cheap, and portable dictionary at this moment 
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existing of our noble language, including an immense mass of philologio matter — oopions 
vocabularies of mythologic, Scriptural, and geographic names — some curious dissertation 
as to the tendencies of orthography, and on the elements of the pronunciation of the 
principal continental languages — we can cordially recommend the beautifully-printed and 
elaborately got-up volume before us." — Atlab. 



tt 



Professor Webster's English Dictionary has long become a standard English work, 
albeit the compiler was an American. The present volume is a revised edition of that 
great work — for such it strictly is — published in a cheap form. Originally given to the 
world in a quarto form, it was found before long, that an edition in a more compact shape 
was loudly called for ; and accordingly, in the year 1829, Professor Worcester, of Cam- 
bridge, Massachusets, undertook its abbreviation and reduction, under the direction of Dr. 
Webster himself. The additions and alterations of the larger work (ed. 1840) were sub- 
sequently incorporated with the abbreviated edition ; and this edition is the basis of the 
one now published by the proprietors of the 'Illustrated London Library.' It is conse- 
quently made, in all respects, consistent with the larger work ; and it presents, accordingly, 
on a reduced scale, a clear, accurate, and full exhibition of the American dictionary in its 
every part. 

" The meaning of every English word, in all its various shades, is ^ven in this admirable 
work, which for completeness far excels the dictionary of Dr. Johnson ; and it contains, 
moreover, a dictionary of synonyms, somewhat on the foundation of Carpenter's small 
publication, but more elaborately wrought and more fblly treated. Under each of the 
important words, all others having the same general signification are arranged together, 
except in cases where they have been previously exhausted in framing the definitions — a 
system which is of the utmost importance to young writers desirous of attaining grace, 
variety, and copiousness of diction. 

"Some thousands of new words have been added to this vocabulary ; but in justice 
to the compiler it should be stated that many of them are obsolete terms, employed by the 
writers of the Elizabethan period, but since their day fallen completely into disuse. The 
great bulk of these additions, however, consists of familiar and colloquial words and 
technical expressions necessitated by the establishment of novel occupations and new sources 
of ideas. The Americomiama, as such, are not so numerous as might be supposed ; and the 
great bulk of them retained are shown to be old words with new meaniogs. All the 
scientific terms have been subjected to the strictest supervision on tiie part of competent 
persons; and so likewise have those of an artistic tendency. The result is such a dic- 
tionary as the English language has never had before ; and which is as much superior to 
the last edition of Johnson's great work, even with all its improvements, as that stupendous 
production is to the moderate octavo of Bailey." — Obsebyeb. 

" The advantage to the literary public of a cheap, enlarged, improved, and beautifully 
printed edition of a dictionary of our language, which has attained a considerable reputa- 
tion, will be highly appreciated, and will serve very materially to assist its critical study. 
By dint of immense labour, continued duriog the space of three years, the editor of this 
fine volume was able to augment considerably the value of the original work, and in 1847 
gave to the world the result of his extensive collations and emendations. Amongst the 
more remarkable features of this revised Dictionary may be mentioned that of its being a 
Dictionary of synonyms, though not one in which, like Crabb's, nice shades of difierence in 
the meaning of words are elaboratelv investigated. On the contrary, the practical force of 
each word is simply and accurately stated in such a manner as to leave no doubt or 
difficulty in selection. Great labour has been devoted to the perfection of the definitions, 
a subject in respect of which Webster's Dictionary from the first enjoyed a high reputation. 
In every branch of science, literature, art, and commercial economy, the best authors have 
been had recourse to, and their definitions extracted wherever necessary. In the course 
of the revision of the work some thousands of new words have been added, important 
alterations made in the orthography of peculiar words, to keep pace with the tendencies 
of our mode of writing, and particular care taken to exhibit, as perfectly as possible, the 
true pronunciation. Some supplementary vocabularies of classical names, and strictures 
on the right pronunciation of classical terms and names, complete the book, which, upon 
the whole, will be found a most valuable addition to the library of the most zealous reader. 
It contains 1300 large and rather closely-printed pages, and the typography is remarkably 
fine." — MoBNiNo Advebtibeb. 

" It is somewhat strange that we should be indebted to American authorship for a 
Dictionary of the English language. A careful examination of the contents, however, 
would induce us to hail the work as a literary contribution of great value, and we do not 
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know any subjeot to which an American could devote his time and talents more appro- 
priately ; for the time is not far distant when the English language will be spoken on the 
other side of the Atlantic by a vastly greater number of human beings than at present 
inhabit the parent isles. The volume before us is an abridgment of Dr. Webster's great 
work, which has been well and £ivourably known both here and in America for many years ; 
but abridged though it be, the book now issued by the enterprising London publishers 
extends to about 1500 closely printed large octavo pages. The abrid^ent has been made 
on the plan of leaving out only the illustrations and authorities ; but for everyday use the 
work before us will serve almost every purpose ; and at the same time a degree of cheap- 
ness has been secured which will place such a necessary and comprehensive book in the 
hands of thousands, who have been hitherto obliged to content themselves with cheap, 
and often indiffereot, small editions of Johnson, Walker, and other eminent lexicographers. 
It appears that Professor Groodrich, assisted by eminent men in eveiy department of 
literature and science on both sides of the Atlantic, has been engaged on the present work 
for three years, and the result is perhaps the most complete dictionary extant upon the 
same scale. Though the work is of American manu£icture, the authorities followed by Dr. 
Webster and his editor are, in almost every instance, the standard English authors, from 
Shakspeare downwards. Many thousands of new words, which have grown up with the 
wants and accidents of society, have been included. Indeed, we believe all of this modem 
class which deserve to be retained are here included, and in a general way the definitions 
will be found unimpeachable." — Glasgow Herald. 

'* A new edition of Webster's well-known and highly esteemed dictionary. It is the 
most complete work of the kind yet published. The definitions are dear and concise, pre- 
senting briefly the various meanings and shades of meaning belonging to each word. It 
contains an inmiense number of words, connected with every department of literature, art, 
and science, not to be found in the ordinary dictionaries. The present editor. Professor 
Goodrich, has added, he states, some thousands in the course of revision. The pronun- 
ciation is satisfactorily indicated, and in most cases the synonyms of the words defined are 
added — a great advantage to persons engaged in literary composition. Further, the work 
includes a synopsis of words differently pronounced by different orthoepists. Walker's key 
to the classical pronunciation of Greek, Latin, and Scripture proper names, and a vocabu- 
lary of modem geographical names, with their pronunciation." — Lebds Times. 

** Webster's Dictionary is the production of the greatest lexicographer that has ever 
lived. He combined in the fullest measure the two great requisites, the highest literary 
talent and the most extensive attainments in philology. The present edition is the abridg- 
ment which was made by Mr. Worcester under Dr. Webster's direction in 1829. It only 
omits the passages cited to illustrate the definitions; and these, we think, are of very little 
consequence either one way or the other, as the lexicographer's authority should be suffi- 
cient. We believe it is one of the cheapest and best editions of the work that have been 
published in this country. " — English Journal op Education. 

** A marvel of accuracy, neatness, and cheapness. A volume which gives the origin, 
correct spelling and pronunciation, and a definition or explanation of more than one 
hundred thousand words must be a wonderful book. It contains 27,000 more words than 
the most modem edition of Johnson's great dictionary. A friend on reading that Dr. 
Adam Clarke had been employed during a quarter of a century on his invaluable Com- 
mentary, immediately sent for a copy. Dr. Webster spent a large portion of fourscore 
years in compiling, correcting, and perfecting this Dictionary. It displays extensive 
research, patient investigation, carefulness in the smallest details, combined with a sound 
judgment, a clear head, and untiring energy. It is a contribution of substantial service 
not only to our times, but for posterity. The literary editorship of this new edition has 
been wisely entrusted to, and as wisely completed by Professor Goodrich, of Yale College. 
All the ancient and modem scientific words have been submitted to learned professors in 
the various branches to which they belong. We cannot specify all the addenda prefixed 
and affixed, but a copious geographical vocabulary is a valuable and useful feature, follow- 
ing Scripture proper names. We have been delighted with Dr. Webster's Seventeen Rules 
for the Corrected Orthography of the English Language. By their adoption some thousands 
of common errors will for the fixture be avoided, and a uniform mode of wiiting the same 
class of words will be the beneficial result." — ^Wesley Banner, 
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